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ABSTRACT
w A computerized analysis of the nonlinear behavior of fibrous
composite laminates including axial loading, thermal loading, tem-
terature dependent properties, and edge effects is presented. Ram-
berg-Osgood approximations are used to represent lamina stress-strain
behavior and percent retention curves are employed to model the
variation of properties with temperature. Balanced, symmetric lami-
nates comprised of either boron/epoxy, graphite/epoxy, or borsic
aluminum are analyzed using a quasi-three-dimensional finite element
analysis. An incremental loading procedure is developed where the
mechanical properties of each finite element may be adjusted depending
on the temperature and/or the strain level.
Results are presented for the interlaminar stress distributions
in cross-ply, angle-ply, and more complex laminates. Elastic results
for the boundary layer effect are shown to compare favorably with
existing numerical solutions. It is shown that for angle-ply laminates
the fiber orientation for maximum stress due to mechanical loading is
matrix material dependent whereas the fiber orientation for maximum
thermal stress is not matrix material dependent. It is also shown that
the combined nonlinear thermal and mechanical analysis exhibits
signficant differences from the linear elastic results.
Nonlinear stress-sstrain curves for a variety of composite
laminates in tension and compression are obtained and compared- to
other existing theories and experimental results	 It is shown
that excellent agreement between theory and experiment is exhibited
I
for'fiany, but not all, laminates. The inclusion of thermal effects
is shown to give improved predictions.
It is also shown that the mode of failure is laminate dependent.
Whereas angle-ply laminates fail as the result of in-plane strains
exceeding maximum values, other laminates fail according to either
a first ply failure theory, a progressive failure theory, or they
j
fail as a result of edge effects.
r
F
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T23 , T 13 , T12 shear stresses with respect to the lamina directions
TyZ , TxZ, Txy shear stresses with respect to the laminate directions
^K finite element total potential energy
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INTRODUCTION
With the ever increasing demand for lighter-weight and higher
strength structural components, the design engineers of the aerospace
industry have turned to the use of composite materials. These materials
offer the engineer the means to meet structural requirements by varying
ply orientations and/or volume fraction of matrix and fiber. An area
of concern to the engineer designing with fiber composite materials
has been the ability to accurately predict the stiffness and strength
of these materials. The present study was undertaken to develop a
reliable computerized analysis of the nonlinear behavior of fibrous
composite laminates to include thermal loading, temperature dependent
properties and edge effects.	 3
3
Many researchers have used the plane s^ress lamination theory in
their quest to predict laminate response. Other researchers have indi-
cated that a knowledge of interlaminar stresses, which are not con-
sidered for in-plane lamination theory, is needed to accurately predict
the ultimate strength of laminates. While various elastic and non-
linear approaches have been employed in previous research endeavors,
relatively little attention has been given to the influence of thermal
stresses and strains which may be present within a given laminate.
In an attempt to predict the nonlinear stress-strain behavior
including edge effects and thermal effects for balanced, symmetric
laminates, a quasi-three-dimensional nonlinear finite element analysis
1
__a
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was developed. Lamina properties were allowed to change  with respect
to both temperature and strain levels. Uniaxial loading of various N
laminates and materials at room temperature were considered. Initial
thermal stresses and strains were determined through an incremental
-
	
	 cooling analysis from an elevated stress-free temperature to room
temperature. The laminates were then subjected to incremental strain
loading. At each stage of the incremental procedure the mechanical
properties of each finite element may be altered depending on the
temperature and/or the strain level. Such a procedure allowed the pro-
perties of finite elements within a given layer to change independently
of other finite elements in the layer.. This feature cannot be handled
with lamination theory.
Three material systems were considered, boron/epoxy, borsic/
aluminum and graphite/epoxy.
Chapter 2
HISTORICAL SURVEY
One of the earliest endeavors to theoretically predict the elas-
tfc properties of laminates consisting , of arbitrarily oriented plies
of orthotropic materials was presented by Smith [1] in 1953. Smith's
objective was to determine the effective shear modulus for various
laminations of plywood while assuming a state of plane stress through
the thickness. In 1961 Reissner and Staysky [2] extended the work of
Smith [1] to include the coupling phenomenon between in-plane stretch-
ing and transverse bending for laminates consisting of orthotropic
lamina. While many modern day researchers in the field of composites
refer to the more recent (1969) work of Ashton, et al., [3] when noting
the so-called "Lamination Theory," the basic formulation was presented
in the work of Reissner and Sta ysky [2]. A more detailed description
of lamination theory and its assumptions was presented by Ashton and
Whitney [4] in 1970.
2.1 Laminate Analysis Studies
j
In 1964 Tsai [5] presented a theoretical method for predicting
the elastic constants of a lamina from the properties of the constitu-
ent materials. Tsai then used the lamination ti.sory of Reissner and	 x
Staysky [2] to analytically predict the elastic constants for laminates.
w	Good agreement was shown between theory and experiment for a glass/
epoxy composite. Azzi and Tsai [6] extended the work of Tsai [5] to
develop viable experimental techniques for confirming the validity of
u
3
4the analytical predictions. Subsequently, Azzi and Tsai [7] presented
an analytical technique for predicting the strength of transversely
isotropic laminates. The plane stress form of Hill's yield condition
[8] for orthotropic materials was employed to predict laminate failure.
Theoretical and experimental tensile strengths for unidirectional
glass/epoxy laminates were shown to agree quite well. It was noted
that the stress-strain curves for each of the test specimens were
virtually linear and elastic up to failure. The method did not con-
si,der the possibility of differing tensile and compressive properties.
I'n 1365 Tsai [9] presented a method to model the load transfer
from one lamina as it failed to the remaining unfailed laminae.
Hill's plane stress yield condition [8] was used to determine lamina
failure. After the failure of each lamina, the stiffness matrix was
degraded by setting the appropriate elastic constants to a small frac-
tion of their original values. All laminae were assumed to behave
linear elastically up to failure. Tsai took into account both mechani-
cal and thermal loading. Initial thermal stresses were calculated
from room temperature thermal coefficients and the curing temperature.
Good agreement between theory and experiment for the ultimate stress
was exhibited for simple tensile loading of glass/epoxy composites.
y
Again, the method did not allow for different properties in tension
and compression.
A brittle fracture criteria which was similar to Hill's ortho-
R
tropic yield condition [8] was proposed by Hoffman [10] in 1967. The
fracture theory contained linear terms and could account for differing
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tensile and compressive properties. Experimental verification was
limited to uniaxial tensile and compressive tests on variously oriented
composite specimens. Good agreement was shown between theory and
experiment for the ultimate stress. Initial thermal stresses were not
considered.
Prior to 1968 all investigations concerned with laminate strength
were based on linear elastic behavior of the individual lamina. Of the
literature previously cited only the work of Tsai [9] included initial
thermal stresses. With the development of the advanced composites
(such as boron/epoxy and graphite/epoxy) which exhibited nonlinear
lamina behavior there came an increased need to theoretically predict
the mechanical behavior of these materials using nonlinear techniques.
In 1969 Petit and Waddoups [11] developed an analytical method
for determining the nonlinear stress-strain response to failure for
laminates comprised of Lamina with nonlinear stress-strain behavior.
While previous investigators had determined failure based on the inter- 	
i
action of stress values, Petit and Waddoups presented an independent 	
i
failure theory based on lamina principal strains 	 The laminate
	
i
response was established by a piecewise linear approach and incremental
application of average laminate stresses. At each increment of load
the increment of laminate strains was determined and added to the
x
previous strains to give the total laminate strains. Individual lamina
	 3
strains in the principal lamina directions were then calculated from
R
	
s
the strain transformation equations. By referring these lamina 'strains
	
^r
to their respective stress-strain curves, which were represented by 	 a
6linear segments, updated moduli and stiffnes,ses were determined for
the next load increment. However, when a single lamina failed in a
certain manner the respective modulus was set to a high negative value
for unloading and then set to zero. This method allowed remaining un-
failed laminae to continue to load. Failure was assumed to occur when
a principal strain reached the ultimate value in each lamina or when
the stiffness matrix became singular. Good agreement between theory
and experiment for the prediction of stress-strain curves was shown
for various boron/epoxy laminates subjected to both tensile and com-
pressive loading. While the method did allow for differing tensile
and compressive properties thermal stresses were not included.
While graphite/epoxy was considered in the work of Tsai and Wu
[12] in 1971 a linear elastic analysis was employed. Tsai and Wu pro-
posed a general strength criterion for anisotropic materials. The
basic assumption of the criterion was that a failure surface in the
stress-space had the following scalar form
f(aK) = Fi ai + Fij a i aj = 1
	
(2.1)
where Fi and Fij are first and second order tensors respectively.
While the theory represented an improvement over existing theories,
1
the applicability of it for orthotropic materials required the reliable
h
determination of the F1 2 interaction term. Limited uniaxial tension
and compression as well as pure shear tests were performed on a
graphite/epoxy system and compared to the theory. Good agreement was
exhibited for ultimate stress
r-
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Chiu [13], using the orthotropic yield condition of Hill [8],
proposed the concept of a stepwise reduction in load carrying capacity
after a lamina reached initial yield. Chiu noted that failure in one
direction of a certain layer implies neither total failure of the
layer, nor of the whole laminate. Chiu assumed that the yield value
and ultimate stress were identical for longitudinal tension and com-
pression, respectively. For transverse tension and compression the
yield values were set equal to 1/2 of their respective ultimate values
and for shear the yield value was assumed to be 1/5 of the ultimate
value. Chiu's theory proved favorable when compared with experimental
results for two boron/epoxy laminates. However, Chiu did not consider
thermal stresses.
In 1972 Kaminski, et al., [14] performed static tension and com-
pression tests up to failure on various boron/epoxy laminates. Results
were compared to theoretical predictions obtained from a nonlinear
laminate analysis program referred to as RD5. Good agreement was ex-
hibited for tension results. While good agreement was shown for some
compression results, there were cases where the theory gave poor
results with respect to the failure point. In an effort to achieve
better agreement between theory and experiment two separate techniques
were investigated. One method incorporated the use of pseudo lamina
stress-strain curves while the other method considered a reduction of
various terms of the stiffness matrix. in general, neither of the two
techniques gave sufficiently better theoretical results. Initial
thermal stresses were not included in the analysis.
8Hashin, et al., [15] extended she work of Petit and Waddoups [11]
by using Ramberg-Osgood [16] approximations to represent the lamina
nonlinear stress-strain curves. While Hashin's analysis was more
elaborate than that of Petit and Waddoups, no provisions were made for
individual lamina failure or lamina unloading. Compression loading
was not considered and comparison between theory and experiment did
not show improvement over the previous work of Petit and Waddoups.
A more recent investigation was presented by Sandhu [17] for pre-
dicting the response to failure of composite laminates. Cubic spline
interpolation functions were used to represent the lamina stress-strain
curves. Incremental loading was used and updated material properties
were determined as functions of equivalent strains. Sandhu proposed
that it was erroneous to determine new material properties at each load
increment as functions of the individual lamina strains. For plane
stress Sandhu noted that
del = Slldal + S12d92
(2.2)
de2 = Sl2dal + S22da2
or
dal = (del - S12da2)/Sll
(2.3)
da2 = (662 - S12dal )/S22
where de and da are incremental strains and stresses, respectively,
and the S's are compliance coefficients. Then assuming that the
incremental stresses could be related to incremental equivalent
strains, de,
9-	
dal = dEl/Sll	
(2.4)
da2	 ds2/Sll
Comparing Eqs. (2-3) and (2-4) the equivalent strains become
del = del - S12da2	
(2.5)
del = d62	 Sl2dal
Updated properties were then assumed to be functions of the total
equivalent strains. By noting Eqs. (2-4) it can be seen that Sandhu's
assumption is identical to proposing that the updated properties are
functions of the total lamina stresses.
The ultimate load carrying capacity of the laminates was deter-
mined by the plywise application a failure criterion which assumed that
the strain energies under longitudinal, transverse, and shear loadings
were independent parameters. Sandhu's analysis provided better agree-
ment between theory and experiment for tensile loading of various boron/
epoxy laminates than the method proposed by Petit and Waddoups [111.
Thermal stresses were not considered.'
Hahn and Tsai [181 considered the uniaxial loading of a cross-
ply graphite/epoxy composite. Using photo-micrographs taken during a
uniaxial test, Hahn and Tsai noted that when the load was below the
level at which 90 1 layers were predicted to fail, no cracks were ob-
served , in the 90 layers. However, after the specimen was subjected'
to a load above this level, cracks were observed in the 90 layer.
Hahn and Tsai stated that "although the load is carried entirely by 0°
layers in the failed regions, outside these regions 90' layers are
w
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i still effective in supporting the load." It was also noted that in
the undamaged region the modulus (loading direction) was equal to the
composite modulus whereas in the failed regions the 0° layers were the
only load carrying members. To account for this phenomenon Hahn and
Tsai developed an analytical model which was compatible with gradual,
not complete, failure of 90° layers. They also noted that the gradual
failure model could be applied to other lay-up configurations.
In 1974 Hahn and Pagano [19] proposed that since the fabrication
of composite laminates invariably involves temperature differentials
of several .hundred degrees Fahrenheit, significant residual (curing)
stresses develop in these laminates. They also noted that despite this
fact, a disciplined analytical treatment of these stresses could not
be found in the literature,
Hahn and Pagano developed an incremental thermal analysis to
predict the residual thermal stresses and strains over a laminate.
Good agreement was shown between theory and experiment for the residual
curing strains of two boron/epoxy laminates. They suggested that a
knowledge of these residual stresses and strains could play an impor-
tant role in developing satisfactory failure criteria.
Recently,-Foye [20] theoretically predicted the residual curing
stresses in a boron/epoxy composite. A micromechanical analysis using
a finite element representation of a fiber and matrix was employed.
Foye noted instances where the residual stresses exceeded yield in
the matrix resin material.
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2.2 Interlaminar Stresses
For a thin laminate of finite width subjected to uniaxial load-
ing there exist relatively high interlaminar concentrations at the free
edge. Interlaminar normal and interlaminar shear stresses cannot be
determined for in-plane loading of symmetric laminates from lamination
theory. Researchers have proposed that interlaminar stresses are an
important factor in determining the strength of a composite laminate.
The finite difference and finite element methods of solution as well
as analytical approximations have been used to determine the inter-
laminar stresses due to inplane loading of laminates but relatively
little work has been done to determine the interlaminar stresses due
to thermal loading and nonlinear effects.
Pipes and Pagano [21, 22] used an elastic quasi-three-dimensional
finite difference technique to evaluate the interlaminar stresses and
the influence of stacking sequence on laminate strength for uniform
b
axial strain loading. Pipes, Kaminski, and Pagano [23] extended the
work of Pipes and Pagano [21, 22] and noted the possibility of free- 	 1
edge singularities in angle-ply laminates. Using the same finite dif-
ference analysis Pipes [24] presented interlaminar stress results for
cross-ply and six-layered laminate configurations subjected to uniform
axial strain loading. The investigations of References [21-24] were
basically concerned with the behavior of graphite epoxy. The finite
difference technique did include a thermal formulation but thermal
results were not shown. In fact, only in Reference [21] was any
mention made of possible thermal stresses and that was with respect
12
to stacking sequence.
Isakson and Levy [25] considered the plane stress solution in-
volving the application of the finite-element method. 	 However, the
fibrous layers were considered to be orthotropic and separated by
layers of finite isotropic thickness that developed only interlaminar
shearing stresses.	 Thus, the method was not capable of determining
1
interlaminar normal stresses. 	 Isakson and Levy's work was similar to
earlier work done by Puppo and Evensen [26] who modeled a laminate as
orthotropic layers separated by isotropic shear supporting layers.
Here, too, interlaminar normal stresses could not be handled due to
the plane stress assumption. 	 Levy, Armen and Whiteside [27] extended
the work of Isakson and Levy [25] to include plastic deformation of
the shear layer.	 Again, the formulations of References [25-27] did
not include thermal loading.
Herakovich and Brooks [28] employing the finite element program
of Foye and Baker [29] considered the stress distributions in composite
a
reinforced metals subjected to uniform axial strain loadin g and thermal
loading.	 Finite element subsections were taken at the free edge.
Results showed relatively high interlaminar normal stresses at the
intersection of the free-edge and material interfaces especially when
the thermal mismatch was significant between layers. 	 The analysis was
completely elastic and limited to orthotropic materials oriented in
j
either of the two principal in-plane directions.
i
I Rybicki [30] was able to consider interlaminar stress distribu-
ii
tions and noted the effects of stacking sequence by using a three-
,13
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dimensional finite-element scheme employing Maxwell stress functions.
Thermal and nonlinear effects were not included.
Herakovich [31] has pointed out the significance of interlaminar
thermal stresses with respect to loading stresses and stacking sequence
f for boron/epoxy reinforced metal laminates.	 Using the finite element
program of Foye and Baker [29] Herakovich showed that the magnitude of
the interlaminar stresses as a result of thermal mismatch between
layers of a laminate could influence the strength of the laminate.
Again, the analysis was elastic.
Pagano [32] recently provided a mathematical formulation to
-	 determine the interlaminar normal stress at the mid-plane for symmetric
cross/ply laminates with thermal and nonlinear effects excluded.
s
Another mathematical formulation for all the stress distributions in
symmetric laminates has been presented by Tang and Levy [33]. 	 Some
F
stress distributions were shown to a gree quite well with the results of
previous investigators [21-24].
	
Again, their work did not include l
z
thermal or nonlinear effects.
Recently Hsu [34] presented a perturbation techniquefor deter-
mining interlaminar stress distributions at interfaces of cross-ply
and angle-ply laminates. 	 Graphite/epoxy laminates with stacking
sequences of [0/90]s, [90/0]s, [+45/-45]s and [-45/45]s were considered.
The analysis was limited to elastic strain loading.
Summary
Linear elastic techniques have been used to determine laminate
strength using lamination theory.	 Failure was determined using various
r
t
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forms of stress interaction failure criteria. However, with the
development of nonlinear techniques came the independent failure
E	
theories based on lamina ultimate strains. Such was the case for the
studies of References [11, 14, 151. Another independent failure theory 	
S
was presented by_Sandhu [171 whe.-e strain energies were assumed to be
	 j
independent parameters. Thermal effects were completely absent from
the nonlinear analyses.
	 ?
For studies which were concerned with interlaminar stresses and
	 '
the free edge a nonlinear analysis has virtually been ignored.
1
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PROBLEM FORMULATION
s
The problem under investigation is the uniaxial loading of
balanced, symmetric composite laminates. Nonlinear, thermal and edge
effects on such laminates are considered. Typical laminate geometry
is shown in Fig. l where L > b >>H . For nonlinear analyses the load-
ing, whether thermal or mechanical, will be an incremental procedure
consisting of the solution of successive linear problems. Thus, the
following derivation of equations is with respect to any given incre-
mental load.
3.1 Generalized Plane Strain Problem
For a long prismatic bar under the influence of applied strain
at the ends or uniform temperature change, the state of stress and
strain removed from the ends is independent of position along the bar,
i.e., generalized plane strain. Lekhnitskii [35] was the first to
consider this problem. for strains independent of coordinate x, the
strain-displacement relations can be written as functions of the y
and z coordinates as
sx = u,X = fl(Y,z)
ey = V,y	 f2(Y,z)
ez = w,z	 f2(y,z) (3.1)
Yyz	 v,z + w,y f4(Y,z)
Yx` = w,X + U
,z	 f5(y ,z)	 '•
YXy = u,y.+ v,x	 f6(y,z)
1
's
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where a comma denotes partial differentiation. The equil-
tions neglecting body forces reduce to at a point
R
ij
i
TXy ,y + Txz,z 0
ClY 'Y + Tyz , z	 U
TyZ,y + QZ,Z = 0
Mathematical manipulation of Eqs. (3.1) yields the displa(
u( x ,Y, z ) = x(C ly + C2z + C3) + U(Y,z)
v(x,Y,Z) = x(C4z.+ CO	 Cl 22 + V(Y,z)
2
w(x,Y, z ) = x(-C4Y +C5 ) 
- C2 2 + w(Y,Z)
where Cl through C6 are unknown constants and U, V and W ar-c wiramm,
functions of y and z.
3.1.1 Balanced Symmetric Laminates
For balanced, symmetric laminates the problem reduces to the
analysis of a quarter-section shown cross-hatched in Fig. lb. The
following symmetry and antisymmetry conditions must then prevail with
respect to the x-y and x-z planes
x-y Plane
u( x ,Y, z ) = u(x,Y,-z)
v(x,Y, z )	 v(x,Y,-Z)
w(x,Y, z )	 w(x,Y,-z)
i
r
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x-z Plane
v( x ,Y, z ) = -v(x,-y,z)
w(x,Y,Z) = w(x,-y,z)
and the experimentally verified [36] condition that
u( x ,Y,z ) = -u(x,-y,z)	 (3.5)
where x is a relative position chosen as zero.
Substitution of Eqs. (3.4) and Eqs. (3.6) into Eqs. (3.3) results
in
Cl = C2 = C4 = C5 = C6 = 0
	
(3.6)
and
U(Y,Z) = U(Y,-z)
V(Y, Z ) = V(Y,-z)
t
W(Y,z) = -W(Y,-z)	
(3.7)
E	 U(Y,z) = -U(-y,z)
V(Y,z)	 V(-Y,z)
W(Y,Z) = W(-Y,Z)	 s
The reduced forms of Eqs. (3.3) are then z
u = C3x + U(Y,z)
v	 V(Y,z)
	
(3.;8)
w = W(y,z)
i
a
The constant C3 is the uniform applied axial strain, Cx.
The appropriate traction free boundary conditions are, noting
Fig. 1
i ..P. MR
1r	 `
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ay(±b,z) = 0
TXy (±b,z) = 0	 (3.9)
Tyz( ±b , z )	 0
along the free edges, and
CTZ(Y,±H) = 0
Tyz(y , ±H ) = 0	 (3.10)
Txz(Y ,±H ) - 0
on the top and bottom surfaces of the laminate.
The antisymmetry conditions of Eqs. (3.7) yield the following
restrictions on the displacement fields
U(0,z) = 0
V(O,z) = 0	 (3.11)
W(y,o) = o
The s ymmetry conditions of Eqs. (3.7) in turn yield the conditions
U,z(Y,0 ) = 0	 i
V,z(Y,0) = 0	 (3.12)
WIY ( O ' z ) = 0 ^
The boundary value problem represented by Eqs. (3.8) through Eqs.
(3.12) is independent of material behavior. For an orthotropic lamina
oriented in the principal material directions the three-dimensional
constitutive relationships are
^.	
.`v..}art ... ..	 ..)	 .«	 .^.,.^^ ..	 .:..., ....,	 .. ....a........^	 ...	 ,..	 .. ,...,_^..'...a^^
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al Cll	 C12	 C13	 0 0 0 E1
`2 C12	 C22	 C23	 0 0 0 e2
a3 C13	 C23	 C33	 0 0 0 e3
_ (3.13)
T23 0	 0	 0	 C44 0 0 Y23
T13 0	 0	 0	 0 C55 0 Y13
T12 0	 0	 0	 0 0 C66 Y12
and with the 1 axis perpendicular to a plane of isotropy
C33 = C22 , 	 C13 = C12 , C55 = C66 (3..14)
C44 =	 (C22 - C23)2
For a coordinate transformation in the 1-2 plane, that is, about the
3 axis (Fig. l), the relations for the transformed stresses and strains
are
{Q}xyz _ [Tl]{a}123
(3.15)
{e lxyz = [T21{0 123 i
and thus
{a}xyz	 [-C-I{ e lxyz	 (3.16)
a
where
	
[C] _ [Tl][C][T21 1	 (3,17)
and
m
}
21
I
\t1
m2 n2 0 0 0	 2mn
n2 m2
 0 0 0 -2mn
0 0 1 0 0	 0
[T1 ] _
0 0 0 m -n	 0
0 0 0 n m	 0
-mn mn 0 0 0 (m2-n2)
(3.18)
M2	 n2 0 0 0	 mn
n2
	m2 0 0 0 -mn
0	 0 1 0 0	 0
[T21
0	 0 0 m -n	 0
0	 0 0 n m	 0
-2mn 2mn 0 0 0 (m2-n2)
m = cose	 n = sine
and [C] is defined by Eq. (3.13).
Expanding Eq. (3.16)
Ox
	 Cl1 X12 X13	 0	 0	 C16	 _Ex
Qy 	 X12 022 C23 0	 0 X26	 Ey
az	 C13 C23 C33 0	 0 C36	 Ez	 (3.19)
Tyz
	
0	 0	 0 C44 C45 0	 Yyz
Txz
	
0	 0	 0 C45 C55 0	 Yxz
Txy -Cl 6__ C26 C36 0	 0 C66	 Yxy
For a uniform temperature distribution, AT, the lamina principal
thermal strains, {ET} 123 , are
22
a l AT
a2AT
a3AT
{CT }123 0
0
0
and then transformed
aaxAT
ayAT
(3.20)
aZAT
{eT 1 	 (3.21)
XYZ 0
0	 i
l axyAT
where
ax = m2a^ + n2a2
ay = n2 a,+ m2a2
(3.2?_)
aZ = a3
axy = 2mn(a2 - al)
and the a's are respective thermal coefficients. The strains in Eq.
(3.19) become for the uniform temperature distribution, noting that
{e°} represents the total strain,
23
eX - axAT
ey-ayAT
eZ - azAT
{ e }xyz = o
YyZ
(3.23)
0
Yxz
Yxy 
0
- aXyAT
The finite element method was employed to solve the complete
boundary value problem given by Eqs. (3.8) through Eqs. (3.12), Eq.
(3.19) and Eq. (3.23).
3.2 Finite Element Formulation
The basis of the finite element method is the representation of a
body or structure by an assemblage of subdivisions called "finite ele-
ments." Figure 2a shows a typical triangular finite element discreti-
zation of the quarter-section shown cross-hatched in Fig. lb. Simple
functions are then chosen to approximate the distribution or variation
of the actual displacements over each element. These functions are
usually referred to as "displacement functions." A variational ;princi-
ple of mechanics, such as the principle of minimum potential energy,
can then be employed to obtain the set of equilibrium, equations for
a	 each element. The equilibrium equations for the entire body are then
obtained by combining the equations for the individual l elements in such
a way that continuity of displacements is preserved at the interconnect-
ing nodes. The equations are modified for the given force or displace-
ment boundary conditions and then solved to obtain the unknown
.o
Y
ho
ho
ho
^-	 2b
Y
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displacements. Desired solutions in terms of strains and/or stresses
can then be determined.
The constant stress-constant strain triangular element consisting
of three nodes, Fig. 2b, was chosen for this investigation. The form
of the displacement functions which satisfy Eqs. (3.8) and yield
constant strains when substituted into Eqs. (3.1) are the linear rela-
tions
u = a 1 + a2y + a3z + Cxx
v	 a4 + a6y + a6z	 (3.24)	 3
W = a7 + a8y + agz
3.2.1 Uniform Axial Strain Loading
Substituting Eqs. (3.24) into Eqs. (3.2) yields
6x	 Ex
sy = a5
Ez	 a9
i	 (3.25)
ryZ = a6 + a8
Yxz 
= a3
yxy _ a2
The quarter-section shown cross-hatched in Fig. lb is replaced by tri-
angular lements as shown in Fig. 2a. The value of
	
is the prescribed
uniform strain loading over all the elements and is normal to the
ry
	
	 finite element grid. The values of the.a's in Eqs. (3.25) must be
determined as functions of the displacements at the three nodes of each
element. Considering, therefore, Eqs. (3.24) and the nodal
lf
i
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displacements of an arbitrary finite element K, Fig. 2b, the displace-
ments become
u l 	 1 Yl zl	 alxxl
u2 -	 1 y2 z2	a2 +xx2
E	 _	 u3	 1 y3 z3	a3	 Exx3
vl	1 Yl z1	a4
v2	=	 1 y2 z2	a5	 (3.26)
V3 J	 Y3 z3 J	 a6
wl	1 y1 zl	a7
W2 = 1 y2 z2	a8
W3 )	 L 1 Y3 z3 j	 ag
Using Cramer's Rule and letting
a
Yij	 Yi	 Yj
(3.27)
z ij = z i - zj
and realizing that
1 Yl z1
2AK = 2 x (Area of Element K) 	 Det 1 Y2 z
1 y3
 z3
the a's that are needed for Eqs. (3.25) are found to be
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a IY=	 1	 2ul' + Y13u2 `3	 2AK	 3 + y21 u 3 '1
a2	 2 K^ IZ23u 1 	 + Z 31 u2 ' + Z1 2u3']
a5
 = -MK-[z23vl + z 3l v 2 + z12v3]
(3.28)
ag =1 - IY32W1 + Y13w2
K
+ y2lw31
a	
_ --I—
	
+
6 = 2AK CY32 vl	 Y13v2
+	 v
y21 3]
a$	 2 K^ Iz23W1 + Z3l w2 + zl2w3]
where
ui	 = u i	 - xx i
1,	 2,	 3 (3.29)
Noting that x, = x2 = x3 (initial coordinates) the Exx i term is then
either multiplied by
++
Y32	 Y13	 Y2T - 
0 (3.30)
or
z23 + z31 + z 12 = 0
(3.31)	 a
The first two of Eqs. _(3.28) then reduce to a
a 3 =	
1	 [Y32u l + Y 1 3u2 + Y21 u3]
2AK (3.32)
a	 =	 1	 [z32ul + z3lu22	 2AK + Z12u3l
t
letting
a = z23/2	 b = Y32/2 c = z3l/2 (3.33)
d	 Y13/2	a	 212/2
E
9 - Y21/2
I I	 _ ^	 I
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and using the results obtained for the a's the strains become
kEx	 ^XAK
C 	 av1 + cv 2 + ev3
Ez 	 1	 bwl + dw2 + 9w3
= A
	
(3.34)
YyZ	
K	 bv l + dv2 + gv3 + awl + cw2 + ew3
Yxz	 bul + du 2 + gu3
Yxy K	 aul + cu2 + eu3
Equation (3.34) represents the strain-displacement relations of
a finite element for a prescribed uniform axial strain load. However,
it maybe advantageous to prescribe the average force over the cross-
section and solve for the resulting uniform strain. The need to do
this arises in thermal loading for which the resultant forces normal
to the cross-section is prescribed as zero. Of course, thermal load-
ing is not the only case where the resultant force is prescribed but
the following analysis is developed with the thermal problem in mind.
3.2.2 Thermal Loading - Average Force
Consider Zx to be an unknown uniform strain value over the quar-
ter-section of Fig. 2a and F to be the average force over the section
Letting {e°) K represent the total strain in an element, {e T ) K the
elemental thermal strains, and {s} K the resulting mechanical strains,
then
{s}123
	 {£ °}123	 {eT}123	 (3.35)
and transforming
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{e}xyz	
{e°}xyz	 [T21K
{eT
}123
	
(3.36)
Letting {e°} yz have the functional form of Eq. (3.34) and
rioting Eq. (3.20) then
ex 	  - (m2alAT + n2a2oT)
Cy
	 (avl + cv2 + eV3)/AK - (n2alOT + m2a2AT)
E 	 (bwl + dw2 + gw3 )/AK - a3oT
_	 (3..37)
Yyz	 (bvl + dv2 + gv3 + awl + cw2 + eW3) /AK
YXz	 (bul + du2 + gu3)/AK
Yxy j K
	(aul + cu2
 + eu3 )/AK + 2mnoT(a l - a2)
Equation (3.37) represents the strain-displacement relations when
the uniform strain must be determined.
3.2.3 Minimization of Total Potential Energy
The total potential energy ^ of a system is the sum of the
9
strain energy, U, and the potential energy of the external loads, W.
U+W	 (3.38)
The strain energy over an arbitrary element K is given by 	 9
UK = f{e }K [^K{ e }K dvol	 (3.39)
y
and for an element of unit thickness and constant strains the strain
energy can be written as
UK = 2K {
e }K C
-
] K{ e }K	 (3,40) n
m
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The external work over the element is
WK
 = -(fijdij)
where	 i = 1, 2, 3 -- Nodes
j = x, y, z -- Direction
Substituting Eqs. (3.40) and (3.41) into Eq. (3.38) yields the total
potential energy for the element.
^K = UK + WK = 2K (61T 1LI { s ) K - (fijsij)K	 (3.42)
For the prescribed strain loading, substitution of Eqs. (3.34)
into Eq. (3.42) and minimizing *K with respect to each displacement,
noting that
i=1
d ij = Slx	 u l	etc.	 (3.43)
	
Ij	 x
the elemental stiffness matrix can be formed. Thus performing
Y	 Wul	 3
a*/vi = 0	 i = 1, 2, 3	 (3.44)	 s
aV^/wi
yields	
}
i
3
i
i31
ui i
	 C16a	 fix
u2
	 Cl 6c	 f2x
i
u3	 C16e	 f 3
v l 	 Cl 2 a	 fly
3.45)
L9x9J
K 
	 v2 + x C12 c 	- f2y
v3	 Cl 2e
	
f3y
wi	 C13 
	 flz
w2	 Cl 3d	 f2z
w3	 C139 K	 f3z K
where K is the elemental stiffness matrix given in Appendix A.
	
For the average force loading the strains in Eq. (3.42) are re- 	 3
placed by the strains of Eq. (3.37). Minimizing , K with respect to
each displacement and TK the elemental stiffness equations take the
r	 form
ul l	 T	 flx
u2 	 H	 f2xE
U3 	R	 f3x
v i	 M	 fly
^1Ox10]	 v2	
A
A	 f 2y	 (3.46)
V3	f3Y
wl	 T	 flz
w2	E	 f2z
R
W3	 M	 f3z
ExS K	 FK K
l
3
where JC is the elemental stiffness matrix for average force loading.
The forms of K' and the "thermal terms" can be found in Appendix A.
The additional equation can be written as
n
E FK = F	 (3.47)
k=1
where n is the number of elements. If there is no thermal loading then
the problem reduces to an average force loading problem and the
"thermal terms" vanish. For thermal analyses the value of F is set to
zero.
Depending on the nature of the problem, the elemental stiffness
matrices will be of the form given in Eq. (3.45) or Eq. (3.46). The
total stiffness matrix for the cross-section is then formed, by com-
bining the elemental stiffness matrices for all the elements. The
total stiffness matrix for N number of nodes will be 3N x 3N for the
prescribed uniform strain-analysis and (3N + 2) x (3N + 1) for the
average force analysis, the additional equation being Eq. (3.47). The
displacement boundary conditions are those of Eqs. (3.11).
3.2.4 Program NONCOM
A finite element program using the analysis of the previous sec-
tions has been developed. Various subroutines were written which
allow reduction in data -input, one of which is a subdividing mesh
generator (Append'ix A). The others include a boundary condition
generator for symmetric problems and a force dividing routine to
approximate a constant stress loading condition in either ofthe two
33
or both in- plane directions.
Basically, the program involves the storing of the elemental
"	 stiffness matrices. Then the master stiffness matrix is formed, while
accounting for force and displacement boundary conditions, and stored
on disks in prescribed record lengths. Double precisioned Gaussian
reduction is then performed to form an upper triangular matrix followed
by backward substitution in a general equation solver. The word
"general" here means that the equation solver is dependent only on
the size of the matrix (to date it can handle a 3000 by 3000 matrix
but computer time would be excessive) and not how the matrix was
formed.
3.2.5 Boundary Requirements for Laminates
As previously mentioned the boundary conditions for balanced,
symmetric laminate studies are given by Eqs. (3.9), (3.10), (3.11) and
3
(3.12). However, only the displacement boundary conditions of Eqs.
(3.11) can be prescribed in the present finite element formulation.
It is important that the results of any analyses in this investigation
satisfy the remaining boundary conditions. The most interesting con-
ditions are those of Eqs. (3.12). While the conditions of Eqs. (3.12)
are essentially slope requirements of the respective displacement
functions a different view will shed more light on the conditions.
By considering Eqs. (3.8) and the equations for the shear strains
Yxz and Yyz from Eqs. (3.1) the strain-displacement for yxz and Yyz
can be written as
,
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YXz = U,z(Y,Z) + W,x(Y,Z)
(3.48)
Yyz = V ,z(Y, Z ) + W,y(Y,Z)
At z = 0, Eqs. (3.48) become
YXz(y ,0) = U, Z (Y,0) + W,x(Y110)
(3.49)
Yyz(Y,O)
	 v 2z(y , 0 ) + W,y(Y,0) 
and aty=0
Yyz (O,z)
 
= V, z (O,z) + W,y (O,z)	 (3.50)
Substitution of Eqs. (3.11) and Eqs. (3.12) into Eqs. (3.49) and Eq.
(3.50) will give the additional conditions that
YXz(y 50 ) = 0
Yyz(y , 0 ) = 0	 (3.51)
a	
YYz (O,z)	 0
1Chapter 4
NONLINEAR DEVELOPMENT
Modern composite materials such as boron/epoxy, graphite/epoxy
and borsic/aluminum generally exhibit nonlinear transverse and shear
behavior. In addition, many of the mechanical properties of these
materials are highly temperature dependent. An incremental loading
procedure was developed to theoretically predict the response to
failure of various laminate configurations comprised of such materials.
The lamina properties were allowed to change with respect to both
temperature and strain levels.
4.1 Incremental Procedure of Analysis
Uniform axial strain and thermal loading of balanced, symmetric
composite laminates were considered. Initial thermal stresses and
strains due to a temperature change From an elevated stress-free
temperature (the temperature at which bonding occurs) to room tempera-
ture were determined through an incremental thermal analysis. The
laminates were then subjected to incremertal uniaxial strain loading.
The finite element formulation of Section 3.2 was employed for the
analyses. At each stage of the incremental procedure the mechanical
properties of each finite element could be altered depending on the
temperature and/or the strain level. This procedure allowed the
properties at a point (finite element) within a given layer to change
independently of other regions in the layer.
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4.1.1 Determination of Current Material Properties
Nonlinear lamina stress-strain curves were represented by
Ramberg-Osgood [16] approximations (Appendix B). The form of the
Ramberg-Osgood equation used in the present investigation was
e =	 + KQn
	(4.1)
Ee
where Ee is the constant elastic modulus, and K and n are the Ramberg-
Osgood coefficients. The appropriate components of stress and
strain and modulus are used in Eq. (4.1) for normal or shear behavior,
Solving Eq. (4.1) for the slope da/de yields
da = E =
	
Ee
de	 KEenan-1 + I
(4.2)
where E is the current modulus. A paralo! °esearch effort by
M. Renieri [37] has also shown that Eq. (4.1) gives an adequate
representation of the nonlinear stress-strain curves of structural
adhesives. Ramberg-Os good parameters determined in the investigation
of M. Renieri can be applied directly to the present analysis for
problems where an adhesive layer is considered.
Previous investigators [12, 14, 15] have considered the func-
tional foria of the current modulus to be dependent on the current
principal material strain. This same assumption was made for the
present analysis. Equation (4.2) is made strain dependent by deter-
mining the stress value which corresponds to the current principal
lamina strain. Noting Fig. 3 the corresponding stress, a p , at the
Cn
w
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Figure 3. Graphical Representation of Method to Determine Current
Modulus
end of load increment P is
P = P oET	 (4.3)
i=1
where oE 1 is the increment of principal strain during the i th loading
increment. Substituting Eq. (4.3) into Eq. (4.2) yields for the
P + lst increment
+l = P Ee	 n-1	
(4.4)
KEen E oE1 E1	+ 1
i=1
It can be seen from Fig. 3 that the value of E for the P + l st incre-
ment of loading is based upon the slope of the Ramberg-Osgood curve
at the stress a . Thus, the value of the current modulus is actually
being interpolated at a strain, E: PR_ , which is greater than e P . How-
ever, the smaller the load increment the smaller the difference be
tween eR_o and e P . Equations of the form of Eq. (4.4) were used to
determine the current values of the moduli Ell , E22 , E33 , 123 , G13
and G12 for each finite element at the end of each load increment.
Thermal loading consisted of applying increments of uniform
temperature change to the laminate. The lamina moduli are-temperature
dependent as shown by the percent retention of room temperature
property curves in Appendix B (Figures B-9 through B-11). A study
of available experimental results [14, 41, 42] showed that the percent
retention curves gave a good approximation up to some value of strain
denoted by eq as shown in Fig. 4. The percent retention curves did
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not provide good approximations for large nonlinear strains and hence
this thermal analysis is limited to strains below EA. Values of EA
are given in Appendix B.
At the end of each thermal increment the lamina principal
strains were determined for each finite element. Forms of Eq. (4.4)
were then used to determine the current moduli with the values of E!
being room temperature values. Once an e +l was determined for room
temperature it was reduced to the value associated with the current
temperature (mid-point of increment). The percent retention curves
were represented by linear segments and thus direct linear interpola-
tion was used to reduce the value of any modulus EP+i.
Figure B-12 of Appendix B illustrates that the coefficients of
expansion also vary with temperature. Again, linear interpolation
was used to determine the current values of the coefficients of thermal
expansion during the incremental loading. Values were calculated at
the mid-point of each increment.
After thermal cooling the laminate was subjected to uniaxial
strain loading. Such an analysis can result in the unloading of cer-
tain strain components. For the present analysis all strain unloading
was assumed to follow the respective stress-strain curve. This
assumption was made based on the fact that initial thermal strains
were limited to cases where the individual strains remained below the
value OfEA shown in Fig. 4. This is an area where future research
endeavors should be conducted. 	 -
I	
_
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4.1.2 Nonlinear Lamina Data
The present investigation, which allows for different proper-
ties in tension and compression, had the following limitations:
- 62 - e2 and Q3 - e3 data are identical.
- Shear stress-strain data were the same for all three principal
material shear directions.
- Poisson's ratios do not vary with strain.
Thus, for a given material system five stress-strain curves were re-
quired--al - e l curves in tension and compression, Q2 - e 2 curves in
tension compression, and a T 12 - x'12 curve.
The present analysis also requires percent retention of room
temperature properties data for the above stress-strain curves. The
following assumptions with regard to temperature were postulated:
- Percent retention is identical for tensile and compressive
behavior.
Poisson's ratios are independent of temperature.
Coefficients of thermal expansion data were required for the
principal material directions 1, 2 and 3. The value of a2 and a3 were
assumed to be identical.
All thermal data were assumed to be identical for both coupon
and sandwich beam values. An adequate explanation of the differences
between coupon and sandwich beam tests can be found in Reference [14].
4.2 Progressive Failure Theory
The following is a proposed theory of individual lamina behavior
in a composite laminate after a respective principal material strain
1s,
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has reached its ultimate value. The theory assumes that the failing
i	 lamina will continue to support the load at regions removed from the
region of failure, even in the failing direction. Since the present
analysis cannot handle localized failure along the x-direction (see
Fig. 1) a progressive reduction of the current modulus of the failing
component of strain was assumed.
Letting eu represent the ultimate strain value in the principal
direction the over-strain, e o (strain in excess of the ultimate strain
e u ), is calculated from
e0 = E: - eu	 (4.5)
where e p is the current strain. The progressive failure theory pro-
poses that the current modulus above e u is
E^+1 = E^(eu	 eo) /eu	 (4.6)
where E^ is the previous modulus and E P+l is the current modulus for
the next load increment. Substituting Eq. (4.6) into Eq. (4.5) the
current modulus becomes
E +l = EP (2 E u - e P )/e u	 (4.7)
Thus, as sP increases, the value of EP+^ decreases.
Using Eq. (4.7) in conjunction with the Ramberg-Osgood interpola-
tion of Section 4.1.1 the value of the strain eP is associated with
the corresponding stress, a P (Eq. 4.3). Thus, replacing e u with the
ultimate stress; au , Eq. 4.7 becomes
3
a
1
c.	 s ue...:.. . _.
^;	 l
Y
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Ep+l = EP(2au - a 
P
)/au
	(4.8)
It should be noted that the value of u p is limited to (to avoid a
negative modulus)
QP < ta u
	(4.9)
In other words, considerable over-straining would be unrealistic.
4.2.1 Total Failure
The progressive failure theory was applied to finite elements
which had reached individual component failure values. Cross-ply and
angle-ply laminates were initially considered. The laminates were
initially subjected to thermal cooling and then uniaxially strain
loaded. Failure modes were noted and total failure was evident
when at least one failure level had been reached in each element.
More complex laminates were then considered and the failure
modes noted. For some cases all elements experienced at least
one failure mechanism while other cases showed failure mechanisms
occuring only at the free-edge. The results of these analyses will
be discussed in Chapters 5 and 6.
r
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Chapter 5
INTERLAMINAR STRESSES AND THE BOUNDARY LAYER
Previous investigations [22-28, 31, 34] have shown that inter-
laminar stress concentrations exist in a boundary layer region at the
free-edge of composite laminates. These stress concentrations
generally exist at material or laminae interfaces with the maximum
value of the interlaminar stresses Qz and TXz occurring at the free-
edge. The maximum value of the interlaminar stress T yz occurs at a
location slightly removed from the free-edge because of the stress-
free boundary condition Tyz(b,z) = 0.
This chapter is concerned with the distribution of the inter-
laminar stresses-along the laminate interfaces and through the lami-
nate thickness resulting from both thermal and uniaxial strain load-
ing. The material systems considered were graphite/epoxy, boron/
epoxy and borsic/aluminum (material properties are given in Appendix
B). The stress-free temperature for these materials must be known
for the thermal loading.
5.1 Stress-Free Temperature
The maximum temperature of the curing cycle for composite lami-
nates is referred to as the "cure temperature." The stress-free
temperature is the temperature at which bonding occurs. If bonding
initiates at the maximum temperature during curing then the stress
free temperature and the cure temperature are identical. However,
Oken and June [381 noted that the -stress-free temperature was
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considerably lower than the cure temperature for boron/e-`.;:xy rein-
forced metals. Tsai and Hahn [39] noted that for some boron/epoxy
laminates the stress-free temperature was slightly below the cure
temperature. Viswanathan [40] calculated the stress-free tempera-
ture for unidirectional borsic/aluminum to be 430°F which is well
below the cure temperature of approximately 1000°F.
The cure.temperature for boron/epoxy and graphite/epoxy is
350°F and in keeping with the findings of the previous mentioned in-
vestigations a stress-free temperature of 270°F was assumed for
these epoxy matrix materials. The stress-free temperature for
borsic/aluminum was assumed to be 430°F as determined by Viswanathan
[40]. It should be noted that the method of analysis is not depen-
dent on these temperatures. Results could be obtained for any arbi-
trary temperature.
5.2 Averaging of Finite Element Results
The present analysis provides results in the form of displace-
ments at the finite element nodes and constant strains and stresses
for each element. Realizing that interlaminar stresses must be con-
tinuous throughout a laminate, the magnitudes of these stresses at
	 j
interfaces were determined by averaging the values of the stresses
in the finite elements on both sides of the interface (elements can-
not contain the interface). For example, noting Fig. 5a, the mag-
nitude of an interlaminar stress component at point A was determined
by averaging the value of stress component from finite elements
1,_2, 3 and 4. A similar technique was employed to determine
I^
Z
Y
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interlaminar stress distributions through the thickness. For example,
noting Fig. 5b, the value of an interlaminar stress at point C is
the average of the stresses on elements 9 and 10.
5.3 Linear Elastic Results
To determine the accuracy of the present method of analysis
results were obtained for strain loading of three graphite/epoxy
laminates for which numerical solutions were available. These lami-
nates were the four layer cross-ply [90/0]s and [0/90]s laminates,
the four layer [+45/r45]s laminate, and the six layer [+45/-45/0]s,
[+45/0/-45]s and [0/+45/-45]s laminates.
Figures 6 and 7 show the 80 and 320 finite element grids used
for the laminates with two layers above the mid-plane and Figs. 8 and
9 show the 80 and 320 finite element grids used for laminates with
three layers above the mid-plane. As indicated in the figures,
smaller elements were used near the free-edge because of the expected
stress concentrations in this region. (Figures 6 through 9 were
drawn by the plotter in the VPI&SU Computer Center.)
The geometric parameters used in all elastic analyses were
(Fig. 1)
no - 0.02 inches
b = 15 ho
The magnitude of the applied strain, E x , was 0.1%. Elastic results
for a larger applied strain can be obtained by directly scaling the
0.1% strain results. However, t',,e magnitude of the strain load can
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be any applied value for the present method of analysis.
The results of the present analysis were compared where appli-
cable to results obtained from the finite element program of Foye
and Baker [29] and results of the finite difference program [FDP]
of Pipes and Pagano [22] and Pipes [24].. Some of the finite dif-
ference results were taken from the references and others were ob-
tained especially for this investigation. All results obtained in
the present investigation were computed on the VPI&SU computer (IBM-
370 Model 158). Unless shown otherwise on the following figures, the
elastic results presented in this section are based upon the 80
element grids. The finite difference grids of References [22, 24]
were; in a z by y fashion, 9 nodes by 31 nodes for two layers above
the mid-plane and 13 nodes by 31 nodes for three layers above the
mid-plane.
}
5.3.1 Satisfaction of Boundary Conditions
The results of the present analysis for the graphite/epoxy 	 -j
laminates under consideration indicated that the symmetry conditions
along y	 0 and z = 0 (Egs. (3.12)) were satisfied. While the finite
element results did not satisfy the stress-free boundary conditions
(Eqs. 3.9 and 3.10) exactly, it was observed that these conditions
were more nearly satisfied as the size of the elements along the
free-edges of the laminates decreased.
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5.3.2 Cross-Ply Graphite/Epoxy Laminate
The distribution of Tyz along the interface z/ho = 1.0 is shown
for both stacking sequences in Fig. 10. As indicated in the figure,
the results of the present analysis agreed quite well with the
results of the finite difference solution of Pipes. Results ob-
tained from the finite element solution of Foye and Baker using the
same grid gave the same results as the present analysis. The results
indicate that t boundary layer exists in the region extending from
y/b = 0.5 to the free-edge. For y/b < 0.5 the laminate theory is
recovered. The finite difference method of solution forces the
stress-free boundary condition TyZ(b,z) = 0. It can be seen in Fig.
10 that the 320 element results satisfy this condition more clearly
than the 80 element results.
The Qz distribution along the interface z/ho = 1.0 is shown in
Fig. 11. Again, the results were the same when compared to the finite
element solution of Foye and Baker and good agreement was also
exhibited between the present analysis and the finite difference
solution of Pipes. As indicated in Fig. 11, the sign of the stress
distribution changed when the stacking sequence was reversed. This
phenomenon indicates that the [0/90] s lay-up could possibly experience
delamination due to the relatively high tensile stress at the free-
edge. The stress distributions in Fig. 11 also indicate that the
present solution may more closely satisfy the self-equilibrating con-
b
dition EFz 
= fo az dy 0 than the finite difference solution.
Again the boundary layer region extended from y/b 0.5 to the
if
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free-edge with laminate theory being recovered for y/b < 0.5.
5.3.3 Angle-Ply Graphite/Epoxy Laminate
The TXz distribution along the interface z/ho = 1.0 is shown
in Fig. 12. As indicated in the figure, the magnitudes of T Xz near
the free-edge as obtained from the present analysis and the finite
difference solution of Pipes agreed quite well. However, the present
analysis exhibited a smaller boundary layer with both solutions re-
covering laminate theory removed from the free-edge. The results of
the finite difference solution which were obtained using the
VPI&SU computer exhibited some instability at the free-edge. Results
published in Reference [22] did not indicate this instability.
Figure 13 shows the Tyz distribution along the interface
z/ho = 1.0. Results obtained for the finite difference solution of
Pipes indicated a relatively high instability near the free-edge.
The present finite element solution did not exhibit such instability.
Both solutions exhi ►sited a boundary layer region between y/b = 0.4
and the free-edg y: with the recovery of laminate theory occurring for
y/b < 0.4. Both solutions indicated that cry vanishes at y = 0 for
all z. Thus, equilibrium of the upper +45' layer (free body) re-
quires that
b
EFy = f Tyz dy = 0	 (5.1)
0
As shown in the figure, the finite difference solution of Pipes can-
not possibly satisfy Eq._(5.1). The present analysis, however,
lT	 I r
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exhibited a distribution which indicates approximate satisfaction of
Eq. (5.1). Planimeter analysis showed the 320 element result to
have less than 7 percent error.
The Qz distribution along the interface z/ho = 1.0 is shown in
Fig. 14. As illustrated in the figure, both the present analysis and
the finite difference solution of Pipes exhibited a boundary layer
initiating at y/b = 0.3 and extending to the free-edge with laminate
theory being recovered for y/b < 0.3. Both solutions indicated
possible instability in the results near the free-edge. While the
published results of Pipes and Pagano [22] showed the az distribution
to remain positive near the free-edge, the stress-distributions in
Fig. 14 indicate that the reversal of sign for y/b > 0.9 may be
possible when the self-equilibrating condition EFz = b j 
0 
Qz dy = 0 is
considered. However, this is an area where future research endeavors
could be undertaken especially when the delamination mode of failure
is considered. A relatively coarse grid of 20 elements (not shown)
gave a maximum positive value of az/Ex = 17 KSI with no indication
of instability.
5.3.4 Six-Layer Graphite/Epoxy Laminate
The influence of stacking sequence on the interlaminar stresses
was noted from results obtained for the [+45/-45/0]s, [+45/0/-45]s
and [0/+45/-45]s graphite/epoxy laminates. The T Xz distributions
through the laminate thickness are shown in Fig. 15 near the free
edge. As shown in the figure, the results of the present analysis
are in good agreement with the results of the finite difference
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solution, of Pipes.
The Tyz distributions through the laminate thickness are given
in Fig. 16 at'various values of y/b. Again, the results of the
present analysis agreed quite favorably with the results of the finite
difference solution of Pipes.
The az distributions along the interfaces at z/ho = 1.0 and
z/ho = 2.0 are shown in Figs. 17 and 18 for the [+45/-45/0]s and
[0/+45/-45]s lay-ups, respectively. The az distributions for the
[+45/0/-45]s were identical at each interface and similar in form
and magnitude to the distribution shown at z/ho = 1.0 in Fig. 18.
The present analysis exhibited, as indicated in Fig. 17, a
possible instability in the solution near the free-edge for the az
stress at z/ho = 2.0. Separate results obtained for the finite dif-
ference program of Pipes using the VPI&SU computer exhibited a pos-
sible high instability in az at the free-edge. The boundary layers
for both solutions were approximately equal with the laminate theory
being recovered for y/b < 0.3.
It is interesting to note the reversal of the sign of the az
distributions for the [+45/-45/0] s and [0/+45/-45]s stacking
sequences as indicated by Figs. 17 and 18. The delamination mode of
failure could be experienced by the [+45/-45/0]s lay-up because of
the tensile nature of 6z at the free-edge,
li
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5.3.5 Influence of Material and Fiber Orientation on Angle-Ply
Laminates
Linear elastic strain and thermal loading were considered for
the [+e/-e]s graphite/epoxy, boron/epoxy and borsic/aluminum
laminates. The thermal loading consisted of using an increment of
temperature change, AT, equal to the difference between the stress-
free temperature and room temperature with the coefficients of thermal
expansion being room temperature values. A value of 0.7% applied
strain was considered for uniaxial strain loading.
The thermal results exhibited interlaminar stress distributions
similar to the results previously shown in Figs. 12, 13 and 14 but of
opposite sign. Figures 19 and 20 show a comparison of normalized
results for both the thermal and strain loading problems.
The normalized maximum values of TXz at the interface z/ho 1.0
for given fiber orientations are shown in Fig. 19. As indicated in
the figure, the epoxy matrix composites exhibited maximum values
occurring at a fiber orientation of approximately 20 degrees for
strain loading whereas the metal matrix composite exhibited a maximum
value at a fiber orientation of approximately 30 degrees. Thus, it
can be seen that the critical fiber angle is a function of the matrix
material. The thermal results exhibited similar curves with all
maximum values occurring at a fiber orientation of approximately 45
degrees. Thus, the critical angle for thermal loading is independent
of the matrix material.
The normalized maximum values of az at the interface z/ho = 1.0
-for given fiber orientations are presented in Fig. 20. It should be
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noted that the results shown in the figure were taken from a region
(y/b = 0.933) slightly removed from the free-edge so as to eliminate
I	 results which might exhibit the possible instability in the solution.
j	 As indicated in the figure, the metal matrix composite exhibited a
maximum value at a fiber orientation of approximately 37 degrees
i
whereas the epoxy matrix systems exhibited a maximum value at a fiber
orientation of approximately 30 degrees. Again, the critical fiber
angle is dependent on the matrix material when az is considered.
The thermal results again showed that all maximum values occurred at
I
	
a fiber orientation of approximately 52 degrees. As indicated In the
figure, the strain load results are positive and the thermal load
results are negative. Hence, the thermal effect is to delay the de-
lamination mode of failure. However, the results indicate that the
magnitude of az near the free-edge would be relatively small even
for strains well above 0.7%.
The results of the present analysis indicated that the nor-
malized Tyz stress exhibited results similar to the results of Uz in
Fief. 20 but of opposite sign. The maximum values occurred at the
same fiber orientations and, Tike the az stress, the Tyz stress
magnitude was relatively small.
Thus, for angle-ply laminates the critical interlaminar stress
is T XZ . In fact, for some fiber orientations the ultimate value of
TXz was exceeded when an applied strain of 0.7% was considered.-
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5.4 Nonlinear Results
Nonlinear solutions were obtained for the [0/90] s and [+45/-45]s
graphite/epoxy laminates. The nonlinear thermal and uniaxial strain
loading procedures of Chapter 4 were employed for this analysis. The
laminates were loaded until complete failure was exhibited (failure
criteria will be discussed in Chapter 6). Results were obtained
using the 80 element grid (Fig. 5).
5.4.1 Cross-Ply Graphite/Epoxy Laminate
The nonlinear [0/90]s graphite/epoxy results exhibited failure
at an applied strain of 1.0% which was in good agreement with pub-
lished experimental results [411. A comparison of the linear elastic
(free of thermal effects) and nonlinear solutions for the Tyz dis-
tribution along the interface z/ho = 1.0 is given in Fig. 21. As
indicated in the figure, the complete nonlinear solution (thermal and
strain loading) gives a peak value near the free-edge which is
approximately three times larger than the linear elastic solution.
As shown in Fig. 22, the az distribution at the interface z/ho = 1.0
exhibited results for the complete nonlinear solution which were
nearly three times larger than the linear elastic solution. Thus, a
nonlinear solution including thermal effects may be needed to
accurately predict the delamination mode of failure.
5.4.2 Angle-Ply Graphite/Epoxy Laminate
The nonlinear [+45/-45]s graphite/epoxy results indicated
failure at an applied strain which agreed quite well with published
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experimental results [41]. A comparison of the interlaminar stress
distributions along the interface z/ho = 1.0 for the linear elastic
and complee nonlinear solutions are given in Figs. 23, 24 and 25 for
the Txz, Tyz and az stresses, respe-:ively. The possible instabili-
ties of the az distribution near the free-edge are not shown in
Fig. 25. As indicated in the three figures, the distributions of
the stresses for linear elastic strain loading of 0.3/ were approxi-
mately equal to the distributions of the complete nonlinear results
at 4.2% applied strain. Thus, the elastic solution significantly
over-estimates the stresses at the free-edge for the [+45/-45]s
graphite/epoxy laminate. This over-estimation may also be present
for other fiber orientations.
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Chapter 6
LAMINATE STRESS-STRAIN RESPONSE
This chapter presents results for the prediction of the non-
linear stress-strain behavior of a variety of laminates subjected to
both tensile and compressive loading. The nonlinear analysis of
Chapter 4 was employed and the average stress over the laminate in
the loading direction was determined by averaging the stresses over
all finite elements. Figure 26 shows the finite element grid that
was used for analyses of laminates for up to four layers above the
mid-plane.
The results of this investigation indicated that 10 increments
of thermal loading and 30 increments of strain loading were reasonable
limits for predicting the stress-strain behavior of laminates. Using
smaller load increments for either type of loading did not exhibit
improved results.
6.1 Sandwich Beam and Tensile Coupon Input Data
The following sections contain results for sandwich beam input
data and .tensile coupon input data. Lamina data contained in Appendix
B show that there is a significant difference between these types of
data for the transverse tensile behavior and the shear behavior.
The sandwich beam data exhibits an increased stiffness due to honey-
comb core reinforcement. Thus, appropriate input data were used when	
_i
either sandwich beam or tensile coupon laminates were analyzed.
However, all compression input data were sandwich beam data.
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6.2 Material Principal Strain Failure Criteria
Angle-ply laminates of various fiber orientations were con-
sidered for each material (boron/epoxy, graphite/epoxy, borsic/
aluminum). Initial results for boron/epoxy exhibited good agreement
between theory and experiment for the stress-strain response to
failure. The results showed that ultimate failure of a laminate
occurred when a certain in-plane material principal strain component
had attained its ultimate value in each finite element. This obser-
vation led to the development of a failure criteria for angle-ply
laminates which was used to predict failure for all materials sub-
sequently investigated.
A material principal strain failure criteria is proposed for
angle-ply laminates. The theory proposes that when a component of
in-plane material principal strain has attained its ultimate value
throughout the laminate (i.e., in all finite elements) ultimate
.	
3
failure has occurred. In equation form the theory states that when a
any of the strain ratios i
1
Wei > 1.0
e2/e2u 11-0	 (6.1)
Y 12 /Y12 u ._> 1.0
is attained in all finite elements then the laminate has failed. s
Values for both in-plane and interlaminar strain ratios, as
well as the absolute value of the sum of the ratios, were calculated
at the failure strain, Ex . As expected, the results indicated that
interlaminar shear strains were larger at the free-edge and decreased
80
to zero at the center of the laminates. It was also noted from the
results that the total strain ratio generally had a maximum value at
the free-edge and a minimum value at the center of the laminate.
6.2.1 Tensile Loading of Angle-Ply Laminates
This section considers the tensile loading of angle-ply lami-
nates which were initially subjected to thermal cooling. Boron/
epoxy (both tensile coupon input data and sandwich beam input data),
graphite/epoxy, and borsic/aluminum angle-ply laminates were con-
sidered. Tables 1 through 4 present the strain ratios, Ei /£iu
(where c4 :` Y23 , E 5 - Y13 , E6 - Y12) for the above cases, respective-
ly.
As shown in the tables, the epoxy matrix materials exhibited
large Y13 strain ratios at the free-edge for the lower fiber orien-
tations, whereas the metal matrix material did not. The epoxy
matrix materials also exhibited significantly larger total strain
ratios at the free-edge than at the center of the laminate for these
same fiber orientations. The metal matrix material did not exhibit
significant differences between total strain ratios at the center and
free-edge. In fast, the ± 45 degree laminate had a large total strain
ratio at the center of the laminate than at the free-edge of the
laminate.
i
Figures 27 through 30 show the graphical representation of the
in-plane strain ratios (Tables l - 4) as a function of fiber orienta-
tion at the theoretically determined failure strain. As indicated in
the figures, the curves show that angle-ply laminate failure for
Table 1. STRAIN RATIOS IN BORON/EPDXY ANGLE-PLY LAMINATES LOADED IN TENSION -
COUPON DATA
[f0/-0]S
LAY-UP
(DEGREES)
STRAIN
FAILURE
^x M
IN-PLANE STRAIN RATIOS* INTERLAMINAR STRAIN
	 RATIOS TOTAL STRAIN RATIO
ci /e u1 E /E U2	 2 Y12 /_' 	
u
12 '3/'3 Y	 /Y	 u23	 23 Y	 /Y	
u
13	 13 CENTER EDGE
0 0.65 1.00 T 0.11	 C 0.0 0.11	 C	 1 0.0 0.0 1.28 1.28
15 0.70 1.00 ? 0.38 C 0.53 0.03 C 0.31 1.00 1.90 3.33
20 0.725 1.00 T
1.00 T
0.5 33 C
0.89 C
0.66
0.98
0.16 T 2 0.44 1.00 2.35 3.73
30 1.25 0.74 T 2( 0.73 1.00 3.61 5.2 1
45 1.56 0.53 T 0.03 C 1.00 - 0.06 C 0.05 0.05 1.64 11.74
60 0.81 0.33 T 1.00 T 0.53 0.16 C 1 0.10 0.05 2.07 2.22
75 0.50 0.10 T 1.00 T
-
0.14 0.13 C 1 0.05 0.05 1.41 5.47 
LOOT 0.0
ive Stress
in all elements
at intersection
in all elements
at intersection
90	 0.425	 0.01 C
T = Tensile
	 C Compress
Value approximately equal
** Value taken from elements
1	 Value approximately equal
2	 Value taken from elements
1.120.11 C 1	 0.t1	 6.0	 1.12 
Free Temperature = 270 of
(unless otherwise noted)
of interface and free-ed ge (unless other,,, ise noted
of interface and centerline
Table 2. STRAIN RATIOS IN BORON/EPDXY ANGLE-PLY LAMINATES LOADED IN TENSION -
SANDWICH BEAM DATA
[+G/-o]S FAILURE IN-PLANE STRAIN RATIOS* INTERLAMINAR STRAIN RATIOS STRAIN RATIO
LAY-UP
(DEGREES
STRAIN
fx M e9/e u uF- 2/e 2 Y	 IY	
u
£ 	 u3/E 3 Y	 /'Y.)^u Y	 /Y	
u
CENTER
FREE-
EDGEi 12	 12 23	 _. 13	 13
0 0.65 1.00 T 0.25 C 0.0 0.25 C 1 0.0 0.0 1.52 1.52
15 0.70 1.00 T 0.49 C 0.50 0.16 C 0.23 0.83 2.17 3.27
20 0.725 1.00 T 0.67 C 0.61 0.09 C 0.33 0.87 2.35 3.52
30 1.20 1.00 T 0.82 C 0.98 0.25 T 2 0.54 0.85 3.10 4.32
40 1.44 0.73 T 0.38 C 1.00 0.02 C 0.28 0.31 2.10 2.70
45 1.56 0.58 T 0.02 C 1.00 0.09 C 0.08 0.07 1.69 1.84
50 1.80 0.46 T 0.96 T 1.00 0.20 C 1 0.07 0.05 2.63 2.74
60 0.90 0.33 T 1.00 T 0.55 0.18 C 1 0.07 0.04 2.09 2.19
75 1 0.55 0.08 T 1.00 T 0.15 0.14 C 1 0.04 0.01 1.38 1.43
90 0.45 0.02 C 1.00 T 0.0 0.13 C 
1
0.0 0.0 T	 1.13 1.13
00N
T = Tensile C = Compressive Stress Free Temperature = 270 of
* Value approximately equal in all elements (unless otherwise noted)
**' Value taken from elements at intersection of interface and free-ed ge (unless of
1 Value approximately equal in all elements
2 Value taken from elements at intersection of interface and centerline
Table 3. STRAIN RATIOS IN GRAPHITE/EPDXY ANGLE-PLY LAMINATES LOADED IN TENSION -
COUPON DATA
[to/-P]s 
STRAIN
FAILURE
LAY-UP	
IN-PLANE STRAIN RATIOS*	 INTERLAMINAR STRAIN 	 RATIOS	 TOTAL STRAIN RATIO
('DEGREES) Ex M	 E /e u	 E /r u
	
Y121" 	 u	 E 3/E 3 
u	
Y23/Y23u	 Y	 /Y	 CENITER	
FREE-
1	 1	 2	 21  	 13	 13	 EDGE
0	 0.85	 1.00 T	 0.16 C	 0.0	 0.16 C 1	 0.0	 0.0	 1.32	 1.32
15	 0.95	 1.00 T	 0.50 C	 0.41	 0.08 C 1	 0.19	 0.69	 2.00	 2.90
20	 1.00	 1.00 T	 0.71 C	 0.53	 0.04 C	 0.28 -	 0.75	 2.27	 3,32
30	 1.55	 1.00 T	 1.00 C	 0.78	 0.30 T 2	 0.42	 0.68	 3.05	 4.08
45	 4.20	 0.65 T	 0.06 C	 1.00	 0.09 C	 0.05	 s 0.05	 1.80	 1.89
60	 0.95	 0.40 T	 1.00 T	 0.38	 0.13 C-1
	
0.08	 0.04	 1.93	 L2.04
75	 0.55	 0.13 T	 1.00 T	 0.08	 0.09 C 1 j	 0.04	 0.01	 1.30	 ,1.35
xw
T = Tensile	 - C = Compressive	 Stress Free Temperature = 270 OF
Value approximately equal in all elements (unless otherwise noted)
**	 Value taken from elements at intersection of interface and free-edge (unless other,^Jse noted)
1	 Value approximately equal in all elements
2	 Value taken from elements at intersection of interface and centerline
a
90	 0.425
	 0.01. C	 1.00 T 10.0	 0.07 C 
1_	
0.0	 0.0	 1 .15 1.15
+0/-o]s FAILURE IN-PLANE STRAIN RATIOS* INTERLAMINAR STRAIN 	 RATIOS TOTAL STRAIN RATIO
LAY-UP STRAIN
(DEGREES) Ex M el/elu E2^EZu Y12^Y12u E3/E3u
Y23^ 23u Y13/Y13 CENTER FREE-
EDGE
0 0.55 1.00 T 0.20 C 1 0.0 0.02 C 1 0.0 0.0 1.44 1.44
15 0.45 1.00 T 0.40 C 0.32 0.25 T 1 0.08 0.31 1.86 2.30
20 0.45 1.00 T 0.47 C 0.40 0.35 T 0.11 0.31 2.26 2.67
130 0.60 1.00 T 0.51 C 0.53 0.60 T 0.12 0.20 2.70 3.00
45 3.20 1.00 T 0.13 C 1.00 0.70 T 1 0.02 0.02 2.62 2.38
60 1.275 0.61 T 1.00 T 0.50 0.03 C 1 , 0.08_ 0.05 2.48 2.61
75 0.8 0.79 T 1_00 T 0.25 0.03 C. 1 0.0 0.0 7.77 11.78
90 0.8 0. 01 	 C 1.00 T 0.0 0.03 C 1 0.0 0.0 1.33 1.33
T = Tensile C = Compressive Stress Free Temperature = 	 430 of
Value approximately equal in all elements (unless otherwise noted)
**	 Value taken from elements at intersection of interface and free-edge (unless othenlise noted)
1	 Value approximately equal in all elements
2	 Value taken
a
S
from elements at intersection of interface and centerline
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tensile loading can be classified as E 1 tensile failure for small
angles, Y12 shear failure for intermediate angles, and E2 tensile
failure for large angles.
	 a figures also show that tensile coupon
and sandwich beam results for boron/epoxy are quite similar (± 40 and
k
	 ± 50 degree laminates were analyzed for the sandwich beam to deter-
mine the form of the E2 curve).. The graphite/epoxy results were very
much like the boron/epoxy results but exhibited overlapping of E1
tensile and E2 compressive failure at ± 30 degrees. As shown in Fig.
30, the metal matrix laminates exhibited a much smaller intermediate
region than the epoxy matrix laminates. Thus, as expected, the
failure mode in angle-ply laminates subjected to tensile loading is
material dependent.
6.2.2 Compressive Loading of Angle-Ply Laminates
This section considers the compressive loading of angle-ply
laminates which were initially subjected to thermal cooling. All
lamina input data were taken from sandwich beam experimental results.
Tables 5 through 7 present the values of the strain ratios at
the theoretically predicted failure strain for boron/epoxy, graphite/
epoxy and borsic/aluminum laminates, respectively. The tables indi-
cate that all the material systems exhibited similar behavior with
respect to strain ratios. Fiber orientations of < 1451 degrees
exhibited significantly higher total strain ratios at the free-edge
than at the center of the laminate for all materials. The strain
ratios for the E3 strain which attained a value of 1.0 (boron/epoxy,
borsic/aluminum) were assumed to indicate delamination and the
,a
A
rTable 5. STRAIN RATIOS IN BORON/EPDXY ANGLE-PLY LAN'I";"T[:S, LOADED IN COMPRESSION -
SANDWICH BEAM DATA
[+o/-o]s
LAY-UP
(DEGREES)
FAILURE
STRAIN'
^x M
IN-PLANE STRAIN RATIOS* INTERLAMINAR STRAIN	 RATIOS TOTAL STRAIN RATIO
El/Flu E2/E2 u Y12/Y72 u
^"3/£ 3u Y23/} 23u
-
Y13/Y13u CENTER EDGE
0 -1.1 1.00 C 1.00 T 0.0 1.00 T 0.0 0.0 3.0 3.0
15 -0.60 0_50 C 1.00 T 0.37 0.41	 T 1 0.20 0.74 2.25 3.18
20
-0.55 0.26 C 1.00 T 0.46 0.17 T 0.26 0.70 1.91 2.87
30
-0.60 0.14 C 3 1.00 T 10.60 0.04 C 
2 0.32 0.54 1.56 2.35
45
-1.60 0.34 T 0.12 C 0.100 0.11	 T 0.21 0.19 1.58 ` 2.00
60
-2.25 0.45 T 1.00 C 10.98 1.00 T 2 0.16 0.08 3.45 1 3.70
75
-1.6 1	 0.22 T 1.00 C 0.58 1.00 T 1 0.07 0.02 i 2.84 i 2.93
90
-1.7 0.11 T 1.00 C 0.0 1.00 T 1 0.0 0.0 2.1 2.1
T = Tensile C =.Compressive Stress Free Temperature =	 270 of
* Value approximately equal in all elements (unless othenjise noted)
** Value taken from elements at inter-section of interface and free-edge	 (unless ot^er;,, ise noted)
1 Value approximately equal in all	 elements
2 Value taken from elements at intersection • of interface and centerline
3 Value taken from elements at intersection of mid--plane and centerline
to0
Table 6. STRAIN RATIOS IN GRAPHITE/EPDXY ANGLE-PLY LAMINATES LOADED IN COMPRESSION -
SANDWICH BEAM DATA
[+0/ -Q]s FAILURE IN-PLANE STRAIN RATIOS* INTEP.LAi1INAR STRAIT'! 	 RATIOS TOT L STRAIN RATIO
LAY-UP STRAIN
E /E u1	 l E /E u2 2 Y	 /Y	
U
12 12
e /E u Y	 /Y	 U"23 /Y	
u CE!;TER FREE-(DEGREES) ^X M 3	 3 23 13	 13 EDGE
0 -1.30 1.00 C 0.60 T 0.0 0.60'T 1 0.0 0.0 2.21 2.21
15 -0.90 0.55 C 1.00 T 0.30 0.17 T 1 0.18 0.65 2.2 0 3.03
20 -0.75 0.34 C 1.00 T 0.36 0.05 T 0.23 0.61 1.77 2.53
30
-0.90 0.15 C 3 1.00 T 0.55 0.06 C 2 0.33 0.55 1.85 2. 59
45
-4.2 0.35 T 0.24 C
1.00 C
1.00
0.73
0.03 T
0.68 T
0.24
l' 0.07
0.0 2
0.04
0.01
1.65
2.88
2.14
3.0060 -2.2 0.42 T
75
-1.6 0.17 T 1.00 C 0.44 0.75 T 
1
0.03 2.38
F1.86
j	 2.43
1.8690
-1.6 0.04 T 1.00 C 0.0 0.82 T 1 0.0 -i
T = Tensile C = Compressive Stress Free Temperature =	 270 °F
* Value approximately equal in all	 elements (unless othentjise noted)
** Value taken from elements at intersection of interface and free-edzw	 (u^,l ess	 ct'',,er.. i se noted)
1 Value approximately equal in all elements
2 Value taken from elements at intersection of interface and centerline
3 Value taken from elements at intersection of mid-plane and centerline
I
w	 t
[+0/-0]
s
FAILURE IN-PLANE STRAIN RATIOS* ^^	
x
INTERLAMINAR STRAIN
	
RATIOS TOTAL STRAIN RATIO
LAY-UP STRAIN
E /E u1	 1 E /E u Y	 /Y	
u
E3/E3 
u
'f	/Y
Y13/Y131 CENTER
FREE-(DEGREES) Ex
 M 12	 12 23	 23 EDGE
0 -1.20 1.00 C 0.81 T 0.0 0.81 T 0.0 0.0 2.64	 ' 2.64
15 -1.15 0.52 C 1.00 T 0.48 0.21 T 1 0.15	 ` 0.54 2.20 2.80
20 -0.925 0.32 C 1.00 T 0.52 0.06 T 2 0.05	 ) 0.42 1.75 2 . 32
30 -1.0 0.16 C 3 1.00 T ,0.70 0.28 C 1 0.28 0.48 2.10 2.85
45
-2.1 0.46 T 0.33 C 1.00 0.28 T 1 0.20 0.20 2.11 2.52
60
-3.5 0.53 T 0.82 C 1.00 1.00 T 1 0.11 10.06 3.34 3.52
75
-3.2 0..26 T 1.00 C 10.75 1.00 T" _0.01 1 0.02 2.84 (2.94
90
-4.25 0.07 T 1.00 C 0.0 1.00 T 1 0.0 0.0 2.00 2.00
f
T = Tensile C = Compressive Stress Free Temperature =	 430 of
* Value approximately equal in all elements (unless othenjise noted)
** Value taken from elements at intersection of interface and free-edge	 (unless other.:ise noted)
l Value approximately equal in all elements
Value taken from elements at intersection of interface and centerline
3
f
Value taken from elements at intersection of mid-plane and centerline
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Table 7. STRAIN RATIOS IN BORSIC/ALUMINUM ANGLE-PLY LAMINATES LOADED IN COtIPRESSION -
SANDWICH BEAM DATA
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laminate was allowed to continue loading until an in-plane strain
failure occurred. However, the 3-direction stiffness was reduced in
accordance with the progressive failure theory of Section 4.2.
Figures 31 through 33 show the graphical representation of the
in-plane strain ratios (Tables 5 - 7) as a function of fiber orienta-
tion at the theoretically predicted failure strain. As shown in the
figures, the results indicate that failure of angle-ply-laminates
subjected to compressive loading can be classified as el compressive
failure for extremely small angles, c 2 tensile failure for small
angles, Y12 shear failure for intermediate angles, and e2 compressive
failure for large angles. As indicated by the figures, the results
were quite similar for all materials.
However, the materials containing boron fibers exhibited results
which were nearly identical. These materials also exhibited 'a larger
shear region than the graphite/epoxy system. It is interesting to
note from the figures the dominance of e2 failure modes in angle-ply
laminates subjected to compressive loading.
6.3 Stress-Strain Behavior of Angle-Ply Boron/Epoxy Laminates
This section presents results for the theoretical prediction
of the nonlinear stress-strain behavior for a variety of boron/epoxy
angle-ply laminates. The present analysis is compared where applicable
to the theoretical and experimental results of Petit and Waddoups
[11] and Kaminski, et al. [14], and the theoretical results of
Hashin, et al [15]. The type of input data (sandwich beam or tensile
coupon) is noted on the figures.
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x
The theoretical analysis of this investigation is inherently
dependent on input lamina properties. Thus, the analysis cannot
account for experimental anomalies such as poor bonding, variable
fiber volume fraction, initial cracks or voids in the laminate, and
improper alignment of fibers. Also, when sandwich beam results are
considered there is some reinforcement present due to the honeycomb
core. The effect of this reinforcement is undoubtedly a function of
the specimen ply orientations.
Tensile and compressive loading was considered and all laminates
were assumed to have a stress-free temperature of 270°F. It should
be noted that the theoretical results of References [11, 14, 15] did
not consider thermal effects for room temperature loading. The
predicted failure strains, cxf, for the present analysis are given
in Tables 1, 2 and 5.
[+20/-20]s Laminate
The tensile results for this laminate are shown in Fig. 34. As
indicated in the figure, both theories adequately predict the shape
of the curve. However, the theory of Reference 11 overestimates the
ultimate strength whereas the present analysis accurately predicts
the ultimate strength.
The individual theories each indicated that laminate failure
was a result of El tensile failure. However, better agreement for
the failure strain is exhibited by the present analysis. The thermal
analysis indicated initial gl tensile strains existed after cooldown
and, hence, the range of strain avail-able for loading in tension is
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limited accordingly. The results of this figure indicate the impor-
tance of thermal effects for predicting failure of this laminate.
Figure 35 shows the compressive results for this laminate. As
can be seen in the figure, the theory of Reference [11] predicts the
Y	 initial laminate modulus more closely than does the present analysis.
However, the present analysis more accurately predicts the ultimate
strength of the laminate,
Both theories predicted that 'laminate failure was a result of
E2 tensile failure. However, the thermal results of the present
analysis indicated that initial E2 compressive strain existed in the
laminate, hence, the better prediction of ultimate strength. And,
again it is seen that inclusion of thermal effects provides a better
prediction of failure. The higher stiffness exhibited by the experi-
mental curve may possibly be attributed to more pronounced honeycomb
F	 reinforcement for the laminate compared to individual reinforcement
inherent in the lamina data.
A comparison of the tensile and compression results for this
Laminate reveals that the thermal effect increases the compressive
strength but decreases the tensile strength.
[+30/-30] s
 Laminate
Figure 36 shows the tensile results for this laminate. It can
be seen from the figure that both the present analysis and the theory
of Reference [111 exhibit good correlation between theory and experi-
ment whereas the theory of Reference [`15] does not exhibit the degree
of nonlinearity of the experimental curve.
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The present analysis and the theory of Reference [15] predicted
that laminate failure was a result of £ l tensile failure whereas the
theory of Reference [11] predicted that laminate failure was a result
Of E2 compressive failure. These differences can be attributed to
the method in which the lamina stress-strain data was input for the
analysis. The present analysis and the method of Reference [15]
used Ramberg-Osgood [16] approximations whereas the method of
Reference [11] involved linear segments. The present analysis indi-
cated that the in-plane shear strain, Y 12, had attained a strain ratio
of 0.1 throughout the laminate after thermal cooling. The subsequent
strain loading yielded an in-plane shear strain of the same sign as
the initial in-plane shear strain. Since the shear data exhibits a
highly nonlinear curve, the present analysis would reflect the non-
linearity sooner.
The compressive results for this laminate are shown in Fig. 37.
As indicated in the figure, both analyses exhibit nonlinearity
comparable to the experimental curve. However, the results of
Reference [11] agreed more favorably than the present analysis in
predicting both the nonlinearity and the ultimate strength.
The theories indicated that laminate failure was due to Q
tensile failure. However, the present analysis indicated that initial
E2 compressive strain resulted from thermal coo ling, hence, the
overestimation of laminate strength. It may be possible that assumed h
stress-free temperature was too high for this laminate.
s
-70
i
-60
.-. -50
Y
-40
xb
w
U -30
Z
+30
^— -
30
	 he Y
b --^
b n 0.25 in.
he = 0.005 in.
4
--- — EXPERIMENTAL [III
-- THEORY [ 11]
----- PRESENT ANALYSIS
SFT = 270° F
0	 -0.2	 -0.4
	 -0.6	 -0.8	 1.0
STRAIN : Jx (%)
Figure 37. Compressive Stress-Strain Behavior of [+30/-303, Boron/
Epoxy Laminate - Sandwich Beam Data
104
F
t
T
[+45/-45]s Laminate
The tensile results, Fig. 38, show the comparison of theoretical
and experimental results for both sandwich beam and tensile coupon
lamina input data. The results of the present analysis as well as
the results of the theory of Reference [14] adequately represent the
experimental curve. However, tie present analysis does exhibit
better results for the sandwich beam curve. Both analyses predicted
that failure occurred as a result of in-plane shear, Y 12 , failure.
It is interesting to note the significant difference between
sandwich beam and tensile coupon behavior. This difference is at-
tributed to honeycomb core reinforcement of the laminate. Compressive
results (not shown) exhibited behavior similar to the results for the
sandwich beam curve.
[+60/-60]s Laminate	 I
The tensile results for this laminate, Fig. 39, show that both
theoretical curves adequately represent the experimental curve up to
a
0.3% strain. However, the present analysis accurately predicts the
ultimate strain but overestimates the ultimate stress. The theory
of Reference [11] underestimates both the ultimate stress and strain.
Both analyses indicated that laminate failure was due to E2
tensile failure. However, the present analysis indicated that
initial 6 2 compressive strain resulted from thermal cooling, hence,
the better agreement with respect to the applied failure strain.
Thus, the thermal effect provides a wider range of strain for tensile
loading of this- laminate. The lower stiffness shown by the
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experimental curve may possibly be attributed to less pronounced
honeycomb reinforcement_ for the laminate compared to individual rein-
forcement inherent of the lamina data.
Figure 40 shows that neither theory gave a good prediction of
the ultimate compressive strength of this laminate. It can be seen
In the figure that the theory of Reference [11] more closely resembles
the experimental curve whereas the present analysis exhibits a better
indication of the ultimate strain.
The theories predicted that E2 compressive failure would cause
laminate failure. It may be possible that the sandwich beam method
of determining experimental data allows additional loading of angle-
ply laminates by supporting the compressive E2 mode of failure.
Noting Table 5, the present analysis shows that subsequent in-plane
shear failure will occur upon additional loading. This mode of
failure may also be supported by the sandwich beam test method.
6.4 Stress-Strain Behavior of Cross-Ply and Other Boron/Epoxy
Laminates
It was stated in the previous sections that angle-ply laminates
exhibit total laminate failure when all layers fail at the same
applied strain level. This fact is generally not true for more
complex laminates.
A study of various boron/epoxy laminates by Kaminski, et al.,
[14] showed that first ply failure was a sufficient technique to pre-
dict laminate failure for some boron/epoxy laminates, subjected to
tensile loading. However, results of Reference [14] also showed
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that the first ply failure theory was not a viable technique to use
in predicting laminate failure when compressive loading was con-
sidered for laminates comprised of angle-plies in combination With
0 degree plies or angle-plies in combination with 90 degree plies.
r
It was also shown in Reference [14] that first ply failure could not
accurately predict failure when tensile loading was considered for
laminates comprised of angle-plies in combination with both 0 and 90
degree layers.
Using experimental results of References [11, 14] and theoretical
results of this investigation a qualitative analysis was undertaken
to determine failure modes of more complex boron/epoxy laminates sub-
jected to tensile and compression loading. For the present analysis
all the laminates were assumed to have a stress-free temperature of
270°F.
A comparison of experimental and theoretical, results was con-
ducted on laminates which were comprised of angle-plies in combination
with 0 and/or 90 degree plies. The cross-ply laminate was also con-
sidered. The results indicated that failure of the laminates could
be attributed to either first-ply failure, progressive failure, or
failure due to edge effects. Table 8 shows the laminates which were
considered and the type of failure mode that was observed in the
present_ theory. The results shown in Table 8 are discussed in the
following sections. It should be noted that the experimental
anomalies previously mentioned in Section 6.3 must be considered.
i	 I
Table 8. TYPES OF LAMINATE FAILURE
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LAMINATE TYPE OF FAILURE OBSERVED
..,,BORON/EPDXY) LOADING IN PRESENT THEORY
[02/+45/-45]5
[0/+60/-:60]5
TENSION FIRST PLY FAILURE
[+45/-45/902]S
[+30/-30/90]5
[0/90]5
TENSION PROGRESSIVE FAILURE
[0/+45/-45/90]5
[02/+45/-45]5
COMPRESSION PROGRESSIVE FAILURE
[0/+60/-60]S
+45/-45/902]S
COMPRESSION FAILURE DUE TO EDGE
[+30/-30/90] 5 EFFECTS
iIII
6.4.1 First Ply Failure
The results of the present analysis as well as the results of
Reference [14] indicated that the [0 2/+45/-45] s , [0/+60/-60]s,
[+45/-45/902 ] s and [+30/-30/90] s laminates failed due to first ply
x	 failure when loaded in tension. It is interesting to note that each
of the laminates contained angle-plies in combination with 0 degree
layers or angle-plies in combination with 90 degree layers. It was
these 0 or 90 layers which failed first and, thereby, brought about
total failure. Figures 41 through 44 show the theoretical and
experimental stress-strain behavior of the above laminates for tensile
loading.
[02/+45/-45]s Laminate
As shown in Fig. 41, both theoretical analyses exhibited good
agreement when compared to the experimental curves. The slightly
better agreement of the theory of Reference [14] could be attributed
to analytical procedures.
Both analyses indicated the e l tensile failure of the 0 degree
layers occurred at approximately 0.65% strain load. The present analy-
sis also showed that both the in-plane shear, Y1 2 , and el (tensile)
had reached strain ratios of over 0.60 throughout the ± 45 degree
layers with El having a higher strain ratio of nearly 0.70 near the
free-edge. It can be concluded that the ± 45 degree layers could not
support additional load after the 0 degree layer be gan to fail. It
would also seem likely that upon failure of the 0 degree layer that
failure of the ± 45 degrees would initiate at the free -edge.
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[0/+60/-60]s Laminate
The tensile results for this laminate, Fig. 42, indicated that
both theoretical analyses exhibited good agreement up to 0.3% strain.
However, neither analysis exhibited the nonlinearity above this
, 	 strain.
The results of Reference [14] showed that lam inate failure was
a result of el tensile failure of the 0 degree layer. However, the
theory of Reference [14] indicated that high E 2 tensile strain existed
in the + 60 degree layers whereas the present analysis showed that
simultaneously failure of the ± 60.degree layers occurred due to E2
tensile failure. The thermal results of the present analysis showed
initial E2 tensile strain in the ± 60 degree layers and El compressive
strain in the 0 degree layer. These two facts would account for the
better agreement of the ultimate strain and the simultaneous failure.
At this time, however, the absence of nonlinearity for the present
analysis cannot be explained.
[+45/-45/902] s Laminate
As shown in Fig. 43, the present analysis, exhibited better agree-
ment than the theory of Reference [14] with respect to the initial
modulus and nonlinearity of the laminate behavior for tensile load-
ing. The present analysis exhibited better agreement for tensile
coupon results.than sandwich beam results.
Laminate failure was observed to occur due to £2 tensile failure
in the 90 degree layers for both theoretical analyses. However, the
present_ analysis showed that high in-plane shear strain, Y 1 2 , was J
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experienced by the ± 45 degree layers. As indicated in the figure,
first ply failure would adequately predict failure for the coupon
laminate but the results of the present analysis show that the ± 45
degree layers may support additional load for the sandwich beam
laminate. The thermal results of the present analysis also indicated
that initial q tensile strain existed in the 90 degree layers which
would account for the early ultimate failure based on first-ply
failure and the higher degree of nonlinearity.
[+30/-30/90] s Laminate
The tensile results. for this laminate, Fig. 44, show that above
0.7% strain load neither theory predicted the nonlinearity of the
experimental curves adequately even though the present analysis was
slightly more favorable. The present analysis did predict the ulti-
mate stress quite well when first ply failure was considered.
Laminate failure was observed to occur due to E2 tensile failure
in the 90 degree layer. The lower failure strain exhibited by the
present analysis was a result of initial E2 tensile strain in the
90 degree layer as a result of thermal cooling. A paradox is apparent
here in that while a higher value of stress-free temperature would
increase the nonlinearity it would decrease the failure strain. The
absence of nonlinearity for the present solution cannot be explained
at this time.
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6.4.2 Progressive Failure for Tensile Loading
The theoretical results of the present analysis as well as the
results of References [11, 14, 151 have indicated that., when tensile
Loading of boron/epoxy laminates containing both 0 and 90 degree
layers is consid%-red first-ply failure is not sufficient for pre-
dicting total laminate failure. The 90 layers usually fail first
followed by the 0 degree layers at an increased load level. The
progressive failure theory of Section 4.2 was employed in the present
analysis for the [0/90]s and [0/+45/-45/90]s laminates. It will
also be noted that significant edge-effects are present for the
latter laminate.
[0/901s
Figure 45 shows the tensile results for this laminate. All the
theories exhibited good agreement up to 0.4% strain. However, the
results of the present analysis and ' the results of Reference [Y5] under-
estimated the nonlinearity whereas the results of Reference [11] over-
estimated the nonlinearity above 0.4% strain load.
The theory of Reference [15] assumed that first fiber failure
(e l ) would result in total laminate failure. Thus, the 90 degree
stiffness in the loading direction ( E22) was not degraded as it failed.
The theory of Reference [11] allowed the 90 degree layer to unload
after it failed at an applied strain of 0.42lb. The 90 degree layer
was then assigned an E22 value of zero and the laminate was allowed
to continue to sustain load until the 0 degree layer failed. The
present analysis indicated that the 90 degree _layer began to exceed
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thes2 tensile ultimate at an applied strain of 0.35% (initial E2
tensile strain of 0.07% due to thermal loading). Applying the progres-
sive failure theory the 0 degree layer subsequently failed at 0.7%
applied strain. For this laminate the stiffness degradation mechanism
of the progressive failure theory did not allow enough reduction in
stiffness. However, the results obtained by the present analysis
accurately predicted the ultimate strain while accounting for total
laminate failure.
[0/+45/-45/90]s Laminate
Figure 46 shows the tensile results for this laminate. The
theory of Reference [11] exhibited the best results above 0.3% strain
with all theories showing good agreement up to this strain.
The theory of Reference [14] predicted that failure would result
from e2 tensile failure in the 90 degree layer at a strain of 0.42%.
It can be seen from the figure that this first ply failure does not
accurately predict the ultimate strength of the laminate. The theory
of Reference [11] allowed the 90 degree layer to unload after failure
was noted at 0.42% strain. The layer then continued to support
additional load with a modulus E22 of zero. The present analysis dif-
fered from Reference [11] in that failure of the 90 degree layer
initiated at 0.35% strain (initial thermal tensile strain for e2) and
was allowed to support additional load according to the progressive
failure theory of Section 4.2. Both the present analysis and the
theory of Reference [11] then showed e l tensile failure occurred in
the 0 degree layer. The present analysis also showed that considerable
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or
el tensile and in-plane shear, r12 existed in the ± 45 degree layers.
Also, the el tensile strain ratio had reached a value of 1.0 near the
free-edge of the ± 45 degree layers. Thus, while the method of
Reference [11] gives better agreement for the nonlinearity due to its
greater reduction of stiffness technique, the method cannot show the
edge-effects exhibited by the present analysis. These edge-effects
give more insight into the failure of this laminate.
6.4.3 Progressive Failure for Compressive Loading
Theoretical results for both the present analysis and the theory
of Reference [14] have indicated that first-ply failure theory con-
siderably under-estimates the compressive strength of boron/epoxy
laminates which contain an angle-ply laminate in combination with 0
degree layers. The results of applying the progressive failure theory
of this investigation for the compression loading of the [02/+45/-45]s
and [0/±60/-60]s laminate showed considerable improvement for the
prediction of strength. Also, the theory could account for complete
failure of the laminate.
[02/+45/-45] Laminate
Figure 47 shows the compressive results for this laminate. Tile
theory of Re-'erence [14] (first-ply failure) considerably under-
estimates the strength of the-laminate whereas the present analysis
with progressive failure exhibits good agreement for both the shape
of the curve and the ultimate stress and strain of the laminate.
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The theory of Reference [14] predicted that laminate failure
was a result of e 2 tensile failure of the 0 degree layers. The
results.of the present analysis showed that there was an edge-effect
in the 0 degree layers with e2 tensile failure initiating near the
free-edge at -0.48% strain with all elements eventually failing
r (using progressive failure) at a strain of -0.6%. Allowing the
laminate to continue to load through progressive failure, the present
analysis indicated that e l compressive failure began to occur through-
out the 0 degree layer at -1.2% strain load. Still allowed to support
additional load, the laminate sustained in-plane shear, Y12, failure
throughout the ± 45 degree layers at -1.5% strain. Thus, all layers
were experiencing failure at -1.5% strain, hence, laminate failure.
It should be noted that since this was a sandwich beam laminate
there is honeycomb reinforcement. Thus, the progressive failure
theory, while predicting the behavior of this laminate quite well,
may actually introduce a similar type reinforcement accounting for
the agreement. However, the theory proved to be a viable technique
for predicting this laminate behavior in compression.
[0/+60/-60]s Laminate
The results for the compressive loading of this laminate, Fig.
48 indicate fairly good agreement between both theoretical results
and the experimental curve up to -1.0% strain load. The theory of
Reference [14] again under-estimates the strength of the laminate.
The present analysis, as shown in the figure, does give a more
accurate estimation of the ultimate strength of the laminate.
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The theory of Reference [14] predicted laminate failure was the
result of e l compressive failure in the 0 degree layer whereas results
r	 of the present analysis indicated that the 0 degree layer was
experiencing e l compressive, e2 tensile, and e3 tensile failures
throughout the laminate at an applied strain of -1.1%. Again, employ-
ing the progressive failure theory, total laminate failure was
exhibited, as shown in the figure, at an applied strain of -2.1% when
the ± 60 degree layers failed due to simultaneous e3 tensile and in-
plane, Y12, shear failure throughout the layers.
As noted for the [02/+45/-45] s case, the progressive failure
theory could introduce reinforcement similar to sandwich beam rein-
forcement. The difference in the curves could be attributed to
sandwich beam differences in lamina reinforcement compared to laminate
reinforcement, the laminate having more pronounced reinforcement.
However, the progressive failure theory gave better results than the
theory of Reference [11] for the ultimate strength.
6.4.4 Failure Due to Edge Effects
Theoretical results for both the present analysis and the theory
of Reference [14] have indicated that the first ply failure theory
i
substantially over-estimates the laminate strength for compressive
lbading of boron/epoxy laminates which contain an angle-ply laminate
in combination with 90 degree layers 	 The results of the present
analysis indicated that relatively high in-plane strain ratios were
present throughout the laminate at the experimentally determined
failure strain for the [+45/-45/90 2]s and [+30/-30/90] 5 cases.
However, results also showed that interlaminar strain ratios had
attained values of 1.0 near the free-edge of the laminates. It is
R
	
likely that laminate failure will occur due to these edge-effects and
the high in-plane strains. It should be noted that previously the
E3 (delamination) strain was allowed to be supported for sandwich
beam input considerations. However, those cases were for laminates
where 6 3 was uniform throughout. Thus, in concentrated form (free-
edge) its failure mode may be more significant when acting in con-
junction with other interlaminar failure modes.
[+45/-45/902 ] s Laminate
Figure 49 shows the results for the compressive loading of this
laminate. It can be seen that the theory of Reference [14] over-
estimates the strength whereas, when edge-effects are considered, the
present analysis exhibits excellent agreement between theory and
experiment.
The theory of Reference [14] predicted failure due to E2
compressive failure of the 90 degree layers. The results of the
present analysis indicated that at a strain of -1.25% the laminate
was experiencing an E 2 compressive strain ratio of 0.8 in the 90
degree layers and an in-plane shear strain, Y 12 , ratio of 0.9 in the
± 45 degree layers. However, the results showed that interlaminar
shear strains, Y12 and Y13, had attained ratios of 1.0 in ± 45 layer
near the free-edge and E3 had attained a ratio of 1.0 at the 90
degree and 45 degree interface near the free-edge. The failure of
this laminate can be directly attributed to the numerous edge-effects
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occurring while high in-plane ratios existed.
[+30/-30/90] s Laminate
Figure 50 shows the compressive results for this laminate. As
indicated in the figure, the theory of Reference [14] considerably
over-estimates the laminate strength. When edge effects are con-
sidered, the present analysis can accurately predict the laminate
strength.
The theory of Reference [14] predicts that laminate failure will
result from E l compressive failure in the ± 30 degree layers. The
results obtained from the present analysis indicated that at the
applied strain of -0.84% numerous strain ratios had attained a value
of 1.0 near the free-edge. The e2 tensile strain ratios had attained
a value of 1.0 near the free-edge in the ± 30 degree layers. A value
of 1.0 was also exhibited for the 
Y23 strain ratio at the interfaces
near the free-edge. The Y13 strain ratio had also reached a value of
1.0 at the ± 30 degree interface at the free-edge. The + 30 degree
layers were also experiencing high in-plane, Y12" shear strain with
elements at the free-edge attaining 0.75 ratios. The early failure
of this laminate in compression can be attributed to these edge-
effects. It is interesting to note that the edge-effect was a result
of both in-plane and interlaminar strains.
6.5 Stress-Strain Behavior of Two Borsic/Aluminum Laminates
The tensile, loading of the [(0/90)2 ]5
 and [0/+45/-45]s laminates
were studied_. Significant differences were noted for the failure
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A
modes exhibited for these metal matrix laminates when compared to
similar boron/epoxy laminates. Results of this investigation indi-
cated that failure modes are material dependent.
6.5.1 [(0/90) 2 ] s Laminate
Tensile results for this laminate are shown in Figure 51. As
indicated in the figure, the present analysis showed good agreement
with experiment for the initial part of the curve. By noting Figure
B-5 in Appendix B it can be seen that the tensile lamina stress-strain
curve for 90 degree fiber orientation exhibits high non-linearity at
0.2% strain. The present analysis predicted an initial tensile E2
strain in the 90 layer of 0.1% which can account for the early knee
exhibited by the experimental curve at 0.1%. It is believed that the
results indicate that zhe high nonlinearity that would be present at
0.1% strain cannot be sufficiently accounted for using the present
method of analysis even for relatively small load increments. It may
also be possible that input data did not give a good approximation
of the nonlinear behavior in the'90 degree direction. However, the
results gave a fairly good representation of the stress-strain
behavior.
The present analysis indicated that simultaneous failure
occurred in all layers. The 90 degree layers exhibited E 2 tensile
failure whereas the 0 degree layers exhibited E l tensile failure.
The individual failure modes were identical to those sustained by the
cross-ply boron/epoxy laminate. However, in the boron/epoxy laminate,
the 90 degree layer began to fail much earlier than the 0 degree layer.
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6.5.2	 [0/+45/-45] s
 Laminate
Tensile results, Fig. 	 52, for this laminate exhibited agreement
!
between experiment and the present analysis up to 0.2% strain.	 It is
believed that the difference between the curves was a result of using
i tensile coupon shear data from Reference [41] due to the lack of such
results in Reference [40] from which the experimental [0/+45/-45]s
curve was taken.
The present analysis showed that the 0 degree layer would begin
to sustain e 1 tensile failure at an_applied strain of 0.48% followed
by e l tensile failure in the 45 degree layers at an applied strain
of 0.72%.
	
Thus, the 45 degree layers can still support load even
after the 0 degree layer begins to fail.	 This was not the case for
the [02/+45/-45]s boron/epoxy laminate. 	 It is interesting to note
that for a relatively small stress-free temperat , ire of 430O F (compared
to 1000°F cure temperature) the 45 degree layers had attained an cl
tensile strain ratio of 0.75.
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Chapter 7
SUMMARY AND CONCLUSIONS
The present investigation has been concerned with the nonlinear
behavior of laminated fibrous composites including thermal effects,
temperature dependent properties, and edge-effects. The results of
the present study show that such considerations are important to the
prediction of failure modes in composite laminates. The present
study also shows that laminate failure is a function of the laminate
configuration, material, and the type of loading.
In summary of the achievements of this study the following con-
clusions can be made.
1. Thermal effects influence the strength-of laminates. The
inclusion of thermal effects results in improved predic-
tions for laminate stress—strain behavior. The thermal
effect may be to either increase or decrease the range of
strain for uniaxial loading.
2. Edge effects can cause total laminate failure. More
accurate prediction of laminate strength can be obtained
if edge-effects are considered.
3. Angle ply laminates fail as a result of in-plane strains
exceeding maximum values. A material principal strain
failure criteria adequately predicts failure of such
Laminates.
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4. The mode of failure in angle-ply laminates under tensile
loading is dependent on fiber orientation and matrix
material. The mode of failure in angle-ply laminates under
compressive loading is dependent on fiber orientation but
essentially independent of matrix material.
5. The mode of failure for cross/ply laminates is matrix
material dependent. For boron/epoxy laminates the 90 degree
plies fail substantially below the ultimate strength
whereas borsic/aluminum laminates exhibited simultaneous
failure of 0 degree and 90 degree plies.
6. The mode of failure for boron/epoxy angle-plies in combina-
tion with 0 and/or 90 degree layers can be predicted accord-
ing to specific failure criteria.
a. The first ply theory adequately predicts failure for
tensile loading of angle-plies in combination with 0
or 90 degree plies.
b. The progressive failure theory adequately predicts
failure for the tensile loading when both 0 and 90 degree
plies are combined with angle-plies.
c. The progressive failure theory adequately predicts
failure for compressive loading of angle-plies combined
with 0 degree plies.
d. failure of laminates consisting of angle-plies and 90
degree plies which are subjected to compressive loading
is due to edge-effects. i
V	 i
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7. The mode of failure for tensile loaded borsic/aluminum
laminates containing 0 degree layers in combination with
angle-plies can be adequately predicted using progressive
failure.
8. For angle-ply laminates, the fiber orientation for the
maximum interlaminar stresses due to'mechanical loading is
matrix material dependent whereas the maximum interlaminar
stresses due to thermal loading are independent of the
matrix materials. The interlaminar thermal stresses in
angle-ply laminates are of opposite sign to the stresses
due to mechanical loading.
9. The combined nonlinear thermal and mechanical analysis
exhibits significant differences from the linear elastic
predictions for interlaminar stresses. For cross-ply
laminates the linear elastic solution (free of thermal
effects) under-estimates the magnitude of the stresses
whereas for angle-ply laminates the linear elastic solution
(free of thermal effects) considerably over-estimates the
stresses
10. Ramberg-Osgood approximations and percent retention data
a
are adequate means of representing material behavior.
The present investigation has also shown that future research is
warrented in the following areas:
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APPENDIX A
FINITE ELEMENT MESH GENERATION AND ELEMENTAL
STIFFNESS MATRIX
4
A.1 Mesh Generation
Sophisticated two- and three-dimensional mesh generation schemes
have been developed for the finite element method [43-481. The
methods basically involve data generation of nodes so as to eliminate
excessive input data. A mesh generator was devised for the present
analysis which requires limited initial discretization by the investi-
gator.
The principle of the mesh generator is that of subdividing
initial triangular elements into four elements. The new elements are
uniquely renumbered by assigning the center new element the number
n + 1 where n = 0, 4, 8, 12, ..., and then, depending on the sequence
of initial data, numbers the surrounding three elements n + 2, n + 3,
n + 4, in a counterclockwise fashion. The subdivision mechanism can
be utilized for any number of subdivisions depending on the dimensions
available in the computer program. A plotting capability was in-
corporated into the program to allow immediate recognition of the
orientation of the newly generated mesh. This was ideally accomplished
by having the plotter write the numbers of the new elements in the
center of each element, respectively.
The element nodes are also renumbered in a`logical fashion and
a corresponding plot of the elements with numbers at the nodes can
i
I
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be obtained.
A.2 Elemental Stiffness Matrix
Equation A.1 is the elemental stiffness matrix for p
strain loading. Equation A.2 is the elemental stiffness f
force loading.
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APPENDIX B
MATERIAL DATA AND RAMBERG-OSGOOD APPROXIMATIONS
This appendix presents a description of the stress-strain as
well as the thermal data used in the present analysis. Ramberg-Osgood
[16] approximations were used to represent nonlinear lamina stress-
strain curves. The following is a description of the method used to
obtain the Ramberg-Osgood coefficients.
Noting Fig. B-1 the curve is assumed to have the form
E:
	 e E + e I = Ee + Kan	(B,1)
where EE and e I are the elastic and inelastic strains, respectively,
Ee is the constant elastic modulus, and K and n are the Ramberg-
Osgood coefficients. Appropriate components of stress and strain
and modulus are used in Eq. (B.1) for normal or shear behavior. A
log (EI) - log (a) plot for an arbitrary number of data points above
the elastic limit stress, ae , will yield results typified by Fig.
B-2. The bilinearity shown may not be present.
A least squares fit is performed on each segment of the bilinear
data and respective values of K and n are determined The value of
the stress at which the segments intersect, a*, can be determined from
Kl (a*) n, = K2(a*)n2	 (B.2)
or
(B.3)
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Differentiating Eq. (B.1), the modulus, E, for an arbitrary
value of o becomes
W
E - de
	 - KE 
e
n y n-1 + 1	 (6.4)
For the general case of bilinearity, the value of E is determined from
E
E _—	 n	 0< Q< ^*
Kl E,,n 16 11 + 1
(B.5)
	
Ee	 a > Q*
E_
K2Een2an2 + 1
Figures B-3 through B-8 contain the nonlinear stress-strain
approximations for the boron/epoxy (NARMCO 5505), borsic/aluminum
(AVCO - 5.6 mil fiber, 6061 aluminum), and graphite/epoxy (Hercules -
High Strength) composite systems. Figures B-9 through B-11 contain
r
the percent retention of room temperature properties curves for the
three materials. Figure B-12 gives the coefficient of thermal expan-
sion curves for each material. Table B-1 gives the pertinent infor-
mation for all the stress-strain curves.
The mechanics of the method to determine the Ramberg-Osgood
coefficients was i ncorporated into a computer program ROCO. Appendix
C.1 contains a user's guide and program listing of ROCO.
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Table B-1. MATERIAL PROPERTIES AND RAMBERG-OSGOOD COEFFICIENTS.
Q
CURVE
f
xE10- v a	 ,Te ' n l Kl 6* n2 K2
a
u
EA
(psi) (ksi) (ksi) (ksi) M
[0] Ten. 0.21
Coupon 30.1 N12) 200.5
[0] Ten.
32.2 (O 12 206.0
[0] Comp. 0.53
S.	 B. 32.4 (v 1 2) 350-
[90] Ten.
Coupon 2.73
0.35
(v23) 1.6 7.3050 5.5536x10-33 9.6 0.25
o [90] Ten. 0.35
-24 0.25S.	 B.. 3.56 (v23) 1.6 5.0683 1.1986X10 13.50
C° [90] 'Comp. 0.35
S.	 B. 3.5 (v 23 ) 3.0 5.2589 1.3157x10-27 45.0 1.2
Shear
Coupon 0.76 1.0 4.0251 1.4874x10-18 7.7177 4.7175 3.0231x10-21 9.5 1.5
Shear
S.	 B. 0.95 0.1 4.0165 4.2085x10 -19 13.5 1.5
o
Table B-1. (Continued)
CURVE xElOG6 v 6e ,Te nl Kl Q* n2 K2
6u
EA
a^
(psi) (ksi) (ksi) (ksi)
[0] Ten. 0.23
Coupon 33.7 (v12) 152.4
[0] Comp. 0.26
S.	 B. 39.5 (v	 ) 441.3
H [90] Ten. 0.30
-23 16.0 0.2J Coupon 14.3 ()23) 0.4 4.8772 2.0865x10
[90] Comp.
S.	 S. 13.4
0.30
(v 2 3) 0.1 3.1208 1.5974x10_16 42.5
_.
1.0
o
m
Shear
Coupon 12.76 0.125 2.4928 9.708410-13 24.0 3.0
Shear
S.	 B. 6.8 0.125 2.4995
1'3
4.9584x10 24.0 3.0
[0] Ten. 0.21 .
Coupon 21' .0 (v 12 ) 200.0
X
0-
[0] Comp.
S.	 B. 21.0
0.21
(v12) 89.0 12.593 3.3363x10-71 235.0 1.2
[90] Ten. 0.21
Coupon 2.1 (v23) 8.8
Q- [90] CORP. 0.21
-22
^ S.	 B. 2.75 (1)23) 1.0 4.2305 2.3833x10 34.0 0.8
Shear
Coupon 0.85 0.1 3.4110 2.747410
-16 12.595 5.3158 .2540x10-24 15.0 3.0
*Sandwich beam and tensile coupon data assumed equal due to lack of experimental data for sandwich beam.
J
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tAPPENDIX C
COMPUTER PROGRAMS
C.1 ROCO
C.2 NONCOM
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C.1 ROCO
The following is the data input description for determining the
	 !
Ramberg-Osgood coefficients K and n for a stress-strain curve. The
program is used in two steps
9
Ste 1	 Generate to	 6ep
	 q (Q) versus log (s I - E) curve.
Step 2 - After observing the curve generated in Step 1 a linear
f
or bilinear fit is specified. The respective values of
K and n and the stress intersect, if required, are then
	 l
determined.
The general content of each individual card is as follows.
C.1.1 Input Data Description
Card 1 (20A4)
Column	 Contents
1-80	 Problem title card
Card 2 (4Il2)
Column	 Contents
1-12	 NL	 Number of data points
13-24	 INCR
	 Number of ports to divide maximum stress by for
curve fit check
25-36	 IPLOT	 _ If Plot
1 - Plot toy (a) versus log(EI- E) curve only.
2 Do not plot curve but calculate Ramberg
Osgood coefficients
164	 j
j
	
37-48	 NU	 = Number of data points to be used in first segment of
bilinear fit. (If linear fit, NU = NL.)
R	
Card 3 (E12.5)
1
-	 Column	 Contents
	1-12	 E	 = Elastic modulus
Card 4 (2E12.5)
	
Column	 Contents
	1-12	 STRA(I) = Strain at data point I (in/in)
	
13-24	 STRE(I) =Stress at data point I (KSI) 	 {
Card 4 is repeated NL times.
END OF DATA
d
1
a
9
6
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REAL N.K,KL,K2
DIMENSION VX(2J)IVY(20),SIG(50011SLOPE(50011ITltLf(201
DIMENSIUN X(501.Y(50),C)}ANGE(L0U)
DIMENSION '4(2)*K(2)
DIMF.NSIGN STRAINI5JJ)
OIMENSIGN STRE(2J)•STRAl201
WRITE(694J)
999 REAC(5,1,END=99) (II7ITLE(II11=1920)
NRITE(6 9,21 (ITITLE(II,I=1,201
READ( 5,51 NL,INCR,IPLOT.NL1
REAC'(516) E
O0 400 1zi,NL
REACl5,LJ) STRAII)ISfREIII
STREIII' = STRE(I)+10.0++3
400 CONTINUE
MR1TElb,65)
MRITE16,701 (STRA(I)ISTRE(I)II-I*NL1
NRITE(b,9J1
SUMX2 = U.J
SUMX - 0.0
SUMY = J.J
SUMXY 2 0.0
DO 20 I-19NL
XE = ALOG10(STetE( Ill
YE - ALOG10(STRA(I1—STRE(II/EI
A WRITE16970.1 XE/YE
J n I
X(J) = XE
Y(J) = YE
20 CONTINUE
NN = NL
LF(IPLOT.E0.1) G) TO 3J0
NSUM=NL1+1
IF(NL1.E0.NL1 NSUM = NL
00 1LO J=L,NSU,''
I=J
SUMX 0 SUMX + X(I)
SUMY = SUMY + Y(I )
SUMX2 m -SUMX2 + X(I)*i2
SUMXY	 SUMXY + X(I)*Y(I)
110 CONTINUE
NK = NL1
OET n SUMX2+NSUM- SUMX*-2
NIL) =(NSUM+SUMXY-SUMX*SUMYI/DET
B - (-°SUMX*SU4XY * SUMX2 +SUMY)JDET
KM = 1 :). U+*a
MRITE(69751 E/K(L)IN(L ►
1
'	
1
t
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{
IF(NK.EC.NNI GO TO 35J
SUMX2	 O.0
SUMX n J.0
SUMY = J.J
SUMXY	 0.0
NPLUSuNK-1
00 123 J=NPLUS#NN
1 n J
SUMX n SUMX ♦ XIII
SLIMY - SUMY ♦ YII)
SUMX2 = SUMX2 + Xfl)**2
SUMXY = SUMXY + X(ll *Y(ll
120 CONTINUE
YKK - NN—NPLUS+I
OET : SUMX2*NKK - SUMX**2
N(21 - (NKK*SUMXY—SUMX*SUMY1/QET
B - i—SUMX*SU4XY+SUMX2*SUMYI/OET
K121 - 10.J** 8
WRITE(6r'51 ErK(2I ► N(2I
SP[	 IK(21i^(11)**f1.0/fN(11—N1211)
WRITE ( 6.880) SPI
880 FORMAT(TLO,'SPI _ 'rEl4.T)
350 SINC=STRE(NNI/INI:R
STOT = 0.0
WRITE(6r50)
IF(NK.LT .NN) GO TO 36J
00 30 I=1rINCR
STOT = STOT+SING
KK - 1
STRAINIII	 STUT/E + K(KK)*(SI'OT)*+N(KK1
SLOPHI )	 10/E + K(KK)*N(KK)*fSTOTI**IN(KKI—L)
SLOPE(II - 1.J/SLOPE(I)
210 NRITE(6.6O) 19STOT.STRAIN(I).SLUPE(i)
30 CONTINUE
GO TO 3 1O
360 DC 35 I=L#INCR
STOT = STOT+ SING
If(STUT.LE . SPI) GO TO 230
KK=2
GO TO 240
"230 KK=1
240 STRAIN(l) - STOT / E + K(KK) * ISTOTI**N(KKI
SLOPE(II - L.O/E' ♦ K(KK ► *NIKKI*ISTOTI**(NfKK)-11
SLOPEfII - 1.0/SLOPE(ll
2L5 MRITE(6' 9 601 LrSTO1*STRAIN(ligSLUPE([)
35 CONTINUE
3TO IF(IPLJT. EO.Of GO TO 380
300 CALL ASPLUT(NLsX,Y)
380 NRITE(6.4U)
40 FORMATILHI)
50 F ORMAT(//T10•'(NCR*rT2J*'STRESS'•T40•'STRA[N'•T60,'SLOPE')
ORIGWAX TPOOR  ^AG^
157
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60 FORMATl Tlatl39T25sE12.5tT45rEl2.StT65tE12.51
5 FORMAT W L2 )
6	 FORMATH12.5)
10 FORMAT I?EL2.5)
1 FORMATQOA41
2 FORMAT[//TIOv2OA4)
65 FORMAT( //TIOr'OATH'. /T15•'STRAIN'.T35v'STRFSS' /)
70 FORMATlTlSgE12.5vT35#E12.5)
75 FORMATI/TIJ.'E a '.E12.5.T40v l K n 'rE12.5oT70#'N	 got-12.5)
90 FORM AT(////*TLS#'LUGISTRESS I'rTlSr'LtIGIP—STRAINI'r//)
GO TO q99
99 STOP
END
i
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C.2 NONCOM
The following is the data input description for the nonlinear
version of NONCOM for a laminate analysis. The program can be used for
either elastic or nonlinear analyses of less than 100 elements. Data
contained in the problem deck(s) will consist of integers and real
numbers. All integers must be right adjusted in the proper card field.
Real numbers should contain a decimal point in the proper position.
The general content of each individual card is as follows.
C.2.1 Input Data Description
Cards 1-5 (20A4)
Column	 Contents
	
1-80	 Problem title cards (5 cards always)
Card 6 (12I6)
	
1-6	 NPS	 = Type of loading for the generalized plane strain
3
analysis
1 - Uniaxial strain loading
2 - Thermal only or thermal followed by uniaxial
loading
	
7-12	 IKIND	 = Type of boundary conditions
2	 Symmetric boundary conditions for laminates
	
1.3-18	 IFTYPE	 = Type of force loading in-plane
0 - For laminates
i
^	
r
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i
19-24 NPLUS = Used in conjunction with NPS
1	 - When NPS = 1 or when thermal only 	 j
2 - Thermal	 loading will be followed by uni-
axial	 strain loading
3 - Thermal	 loading will be followed by uni-
axial	 force loading
25-30 NE = Number of original elements
31-36 NDS = Number of original nodes j
37-42 NSUB = Number of element subdivisions
43-48 IPLOT	 = Plots original and final element grids
0 - No pl ot
1	 Plot
>1	 - Plot only
49-54 NDIFM = Number of different materials
55-60 NANG	 = Number of different angles
61-66 NINCR	 = Number of increments for first type of loading
67-72 NINCRT	 = Number of increments for second type of loading	
i
3
Note:	 When one type of loading is considered the number of
increments must go into NINCR.
Card 7 5F12.6 I12
Column Contents
1-12 SMY	 = Physical scale factor for Y coordinate values.
(1.0 if input coordinate values are actual 	 size.)
13-24 SMZ	 = Physi'cal scale factor for Z coordinate values.
(1.0 if input coordinate values are actual 	 size.)
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25-36 YSL = Size of grid plot in Y-direct ion (inches - must
be < 10 inches)
37-48 ZSL = Size of grid plot in Z-direction (inches - must
be < 30 inches)
48-60 FMULT = Scale multiplier if final 	 grid is to be larger
than original	 grid for clarity.	 (1.0 if YSL and
ZSL remain fixed.)
61-72 NGRID = Internal
	 grid
0 - Finite element grid will be read in
I	 - Analysis will	 use internally programmed grid
Note:	 If IPLOT > I skip to Card 23.
Card 8 (3E12.5)
Column Contents
1-12 DSTX = Increment for uniaxial	 strain loading (in/in)
13-24 FORCK = Increment for uniaxial 	 force loading (lbs)
25-36 DELT = Increment for thermal	 loading (OF)
.The following cards are repeated NDIFM times--Cards 9-16.
K = material number 1,	 2, ... NDIFM
Card 9 (6E12.5)
Column Contents
1-12 EKII(K,l) = Longitudinal	 tension modulus	 (psi)
13-24 EK11(K,2) = Longitudinal compression modulus (psi)
fA
i	 I	 I	 I
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25-36 EK22(K,1) = Transverse tension modulus 	 (psi)
37-48 EK22(K,2) = Transverse compression modulus (psi)
49-60 GK12(K) = Shear modulus	 (psi)3
Card 10 (6E12,5)
Column Contents
1-12 SPl(K,1) = Elastic limit stress for longitudinal	 tension	 a
(Psi)
13-24 N1(1,K,1) = Ramberg-Osgood coefficient nl for longitudinal
tension
25-36 K1(1,K,1) = Ramberg-Osgood coefficient Kl	for longitudinal
tension
37-48 SPI1(K,1) = Bilinear intersect stress a* for longitudinal
tension	 (psi)
49-60 N1(2,K,1) = Ramberg-Osgood coefficient n2 for longitudinal
tension
61-72 K2(2,K,1) = Ramberg-Osgood coefficient K2 for longitudinal
` tension
Card 11 (6E12.5)
Column Contents
1-12 SP1(K,2)
i
13-24 Nl(1,K,2)
25-36 K1(1,K,2) = Same as Card 10 but for longitudinal
37-48 SPI1(K,2) = compression.
1
49-60 N1(2,K,2)
61-72 Kl(2,K,2) _
Card 12 (6E12.5)
Column Contents
1-12 SP2(K,l)
13-24 N2(1,K,1)
	 =
25-36 K2(1,K,1)	 = Same as Card 10 but for transverse
37-48 SPI2(K,1)
	 _ tension.
49-60 N2(2,K,1)
61-72 K2(2,K,1)
Card 13 (6E12.5)
Column Contents
1-12 SP2(K,2)
13-24 N2(1,K,2)
25-36 K2(1,K,2) Same as Card 10 but for transverse
37-48 SPI2(K,2)	 = compression.
49-60 N2(2,K,2)	 = a
61-72 K2(2,K,2)	 _
Card 14 (6E12, 5)
Column Contents
1-12 SP3(K)
13-24 N3(1,K)
25-36 K3(1,K)	 = Same as Card 10 but for in-plane shear
37-48 SPI3(K)	 _ data.
49-60 N3(2,K)
61-72 K3(2,K)
Card 15 (6E12.5)
Column Contents
1-12 SL1(1,K) = Ultimate stress for lnaitudinal
	 tension (psi)
13-24 SL1(2,K) = Ultimate stress for longitudinal compression
(psi)
25-36 SL2(1,K) = Ultimate stress for transverse tension (psi)
37-48 SL2(2,K) = Ultimate stress for transverse compression (psi)
49-60 SL3(1,K) = Ultimate stress for shear	 (psi)
Card 16 (6E12.5)
Column Contents
1-12 UK12(K,1) = Poisson's ratio v12 in tension
13-24 UK12(K,2) = Poisson's ratio v12 in compression
25-36 UK23(K,1) = Poisson's ratio v23 in tension
37-48 UK23(K,2) = Poisson_'s ratio v23 in compression
Note: If no thermal analysis is required skip to Card 23.
The following cards are repeated NDIFM times--Cards 17-22.
Card 17 (6I12) Subroutine TNINC
Column	 Contents
	
1-12
	
NTl(K)	 Number of linear segmented points for longitudinal
modulus percent retention curve
	
13-24
	
NT2(K)	 Number of linear segmented points for transverse
modulus percent retention curve
t	
yt
i
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25-36
	
NT3(K)	 = Number of linear segmented points for shear
modulus percent retention curve
E	 37-48	 NT4(K)	 = Number of linear segmented points for longitudinal
thermal coefficient curve
	
49-60
	 NT5(K)	 = Number of linear segmented points for transverse
thermal coefficient curve
Card 18 (6F12.0) I = 1, NT1(K)
	
Column	 ---	 Contents
	
1-12	 PERMRI(I,K) = Percent retention of longitudinal modulus at
l
i
point I.
	
13-24
	
TEMP1(I,K) = Temperature in O F at point I
	etc.	 Repeated NT1(K) times
Card 19 I = 1, NT2(K) (PERMRZ(I,K), TEMPZ(I,K))
Same as Card 18 but for transverse modulus
Card 20 I = 1, NT3(K) (PERMR3(I,K), TEMP3(I,K))
Same as Card 18 but for shear modulus
Card 21 (3(E12.5, F12.0)) I = 1, NT4(K)
	
Column	 Contents
	
1-12	 ALP10 ,K) = Longitudinal thermal coefficient at point I
(in/in / °F)
	
13-24	 TEMP4(I,K) = Temperature in OF at point I
	etc.	 Repeated NT4(K) times
\I
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Card 22 I = 1, NT5(K) (ALP20,K), TEMP50,0)
Same as Card 21 but for the transverse thermal coefficient
Card 23 (6F12.6)
THE(K), K = 1, NANG (maximum of 20 angles)
Column	 Contents
	
1-12	 THE(1)	 = Angle No = 1 (in degrees)
	
13-24	 THE(2)	 = Angle No = 2 (in degrees)
etc.
Note: If NGRID = 1 skip to Card 27
Card 24 (2(I12,2F12.0))
Two sets of nodal coordinates per card.	 At present INODE(I)
must be in the order I = 1,	 NDS.
Column Contents
1-12 INODE(I) = I
r.
13-24 YY(I) = Y coordinate of node I	 (need not be actual physi-
cal	 size if it is to be scaled by SMY)	 (in)
25-36 ZZ(I) = 7_ coordinate of node I	 (need not be actual physi-
cal	 size if it is to be scaled by SMZ) 	 (in)
37-48 INODE(I+1) = I + 1
'	 49-60 YY(I+l) -
Same requirements as for node I
61-72 ZZ(I+l)
Card 24 is
i
repeated until	 INODE(NDS) is reached.
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Card 25 (6(1X,3I2,2X,2I2))
Six sets of elemental information per card. Node numbers must be
counter-clockwise. Elements must be in the order I	 1,NE.
Column	 Contents
	
1	 Blank
	
2-3
	 ND(I,1),= Node l of Element I
	
4-5
	 ND(I,2) = Node 2 of Element I
	
6-7	 ND(I,3) = Node 3 of Element I
	
8	 Blank
	
9-10	 IMAT(I) = Material number of Element I
	
11-12	 THETA(I) = Angle number of Element I
	
13	 Blank
	
14-15	 ND(I+1,1)	 Node 1 of Element I + 1
	
16-17	 ND(I+1,2) = Node 2 of Element I + 1
	
18-19	 ND(I+1,3) = Node 3 of Element I + 1
20	 Blank
	
21-22	 IMAT(I+2) =Material number of Element I + 1
	
23-24	 THETA(I+2) = Angle number of Element I + l
etc.	 Procedure is repeated until NE is reached.
a
Card 26 (I12, 3F12.6)
a
Column	 Contents
	
1-12	 NUMCP	 Points on curved boundary (set to 0 for laminate
,	 studies)
	
13 -24	 R	 Radius of curved boundary (set to 0.0)
	
25-36	 A	 = Y coordinate of curved boundary (set to 0.0)
	
j
F	 ^	 ^
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37-48	 B	 = Z coordinate of curved boundary (set to 0.0)
Note: If NGRID = 0, data ends here.
i
Card 27
Column
1-6
7-12
etc.
(12I6) Subroutine GRID I = 1, NDIFM
Must be in order from layer at midplane.
Contents
MAT(I)	 = Layer material number
NANG(I)	 = Layer angle number
Maximum of 5 layers of equal thickness
END OF DATA
OR
NEW DATA DECK
i
1
A listing of the program NONCOM is available upon request from
either author.
